
EasyChair Preprint
№ 2260

Generalized q–Gamma Function and its
Application

Ritu Sharma and Abha Tenguria

EasyChair preprints are intended for rapid
dissemination of research results and are
integrated with the rest of EasyChair.

December 26, 2019



 

1 
 

ICGAMS-2K19 
Generalized q–Gamma Function and its Application 

Ritu Sharma1 , Abha Tenguria 2 
1Barkatullah Vishwavidhyalaya, Bhopal (M.P), India 

2Govt. Maharani Laxmi Bai Girl’s P.G. (Autonomous) College, Bhopal (M.P.), India 
E-mail:ritusharma327@gmail.com 

 
Abstract 

In this paper we extend the properties of Generalized q-gamma function and find new 

inequalities and integral representation of q-beta function. We shall develop some new 

properties and relation of q-gamma function and Integral transform such that Laplace 

transform ,Fourier Transform using q –pochhammer symbol.  
 

Introduction 
Quantum calculus or q- calculus is widely used in Mathematics. It is considered to be one of 
the most difficult subject to engage in mathematics. Quantum calculus and its application use 
in various fields of Physics, Mechanics and Mathematical Science. In previous years q-
analogy play important role in Mathematics like q-Gamma function, q-Beta function and q-
Integral Transform etc. 
In this paper we present the definition of q – beta function and generalized q –gamma 
function and their relation and properties on q-integral. 
We give notation and preliminaries of q analog in second section and discuss about q-
pochhammer symbol. In third section we will define generalized q-gamma function and q 
beta function and their relation to integral transform and obtain some auxiliary result. 
Notations and Preliminaries 
q –Pochhammer symbol-First we define how to apply q-notation in factorial n! , we 
now that by definition of limits, for q tends to 1.  

[n]	or	[n] 	= 	
1 − q
1 − q  

                                                                           = ⋯⋯  

                                                                           = (1 + q)(1 + q + q ) … … … … … … 

                                                                          = 1 + q + q + ⋯ q + ⋯+ q + ⋯⋯⋯⋯ 

Then q-shifted factorial notation are	〈a	; q〉 = 1																																		n = 0
∏ (1− q )																			n = 1,2,3											 

We also write this type                        〈a; q〉 = (q ; q)  
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Furthermore 0 < |q| < 1 
                          (a; q) = 	∏ (1 − aq )    
                       

                           (a; q) = ( ; )
;

 

For |푥| < 1, |푞| < 1  Power Series corresponding to 

(푎)
푥
푘! 	=

(푞 ;푞)
(푞; 푞) 푥 =

(푎푥;푞)
(푥;푞)  

q-Exponential function –The exponential function ex  has many different q-extensions, one  
of them is defined as 

                                                                  							E (x) 	= ∑
[ ] !

∞  

																	E (x) 	=
	q 				x
〈q; q〉

∞

 

Consequently in the limitq → 1, we have 	lim → E (1− q)x = e . 

q–Gamma Function- Jackson  defined q –analogue of the gamma function by Γ (푛) 
Let us define 

Γ (α) = x 	E 	d x 

|q| < 1 ] α	 ≠ 0,−1,−2 … … 

Γ (α) = (1− q) α (q; q)
(qα; q)  

																					= (1 − q) α 1 − qα

1 − q α 

                                                   Γ (α) = [α− 1] ! 
Generalized Gamma Function-Classical gamma function extends infinitely many 
ways. This is useful to Mathematical problems. It is also called extension of gamma function. 
Defination.1-The generalized gamma function is defined by[5] 

																										Γ (α) = ∫ x 	e 	d x                   k >0 , Re (훼)>0 

Generalized gamma function	Γ  is a one parameter k-deformation ,k>0 a real number of the 
classical gamma function it is also denoted in the form of pochhammer symbol 

																										Γ α = log →
n! 	k 	(nk)

(α) ,
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q-Generalized Gamma Function-we give Jackson integral equation for q-generalized 
gamma function and beta function in terms of exponential function and pochhammer symbol 
are given by following formula[5]. 

																										Γ 	 , (α) = x 	e ,
[ ] 	d x 

								Γ 	 , (α) =
(1 − q ) ,

(1 − q)
 

Main Result 
Properties of q-Generalized Gamma Function 
Theorem1.1.The generalized gamma function satisfy the following equation 
																																							Γ 	 , (α + k) 		= [훼] , 	Γ 	 , (α)                               k >0 and q tends to 1                                    
Proof- We know that generalized gamma function is 

																																																			Γ 	 , (α+ k) =   
( ) ,

( )
                                                    

																																																																											=   
( ) ,

( )
 

      																			=   
( ) ,

( )
. 			( ) ,

( )
 

 
																																																		Γ 	 , (α+ k) 		= [훼] , 	Γ 	 , (α) 

Theorem-1.2(log –convex property) Let 1 < a < ∞ and +  =1,(푘 > 0,푏 > 0	then  

Γ ,
푥
푎 +

푦
푏
	≤ Γ , (푥) Γ , (푦)  

Proof- By defination of q generalized gamma function 

																										Γ 	 , (α) = t 	e ,
[ ] 	d t 

Let 훼 = +  then 

Γ ,
푥
푎 +

푦
푏

= (t) 	e ,

.
[ ] 	d t  

																			= (t) ( )	e ,

.
[ ] 	d t  
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																																										= (t) 	e ,

.
[ ] d t 	(t) 	e ,

.
[ ] d t  

																																								= (t) 	e ,
[ ] d t (t) 	e ,

[ ] d t  

By Holder Inequality 

Γ ,
푥
푎 +

푦
푏
	≤ 푡 	e ,

[ ] d t 푡 	e ,
[ ] d t  

Γ ,
푥
푎 +

푦
푏
	≤ Γ , (푥) Γ , (푦)  

In above Theorem some special case can be gained. If a = b =2, x, y > 0, Then result is    

Γ ,
푥
2 +

푦
2
	≤ Γ ,

푥
2 +

푦
2

≤ Γ , (푥) Γ , (푦) ≤
1
2 Γ , (푥) + Γ , (푦)  

Defination.2. The q-generalized beta function is defined by 

                                   B , (m, n) = [k] ∫ t (1 +
[ ]

) ,
[ ] d t               m ,n >0  

B , (m, n) =
(1 − q)(1 − q )

,

(1 − q ) ,

 

Theorem 1.3(Relation between generalized beta and gamma function) 

B , (m, n, p) =
Γ , mΓ , n
Γ , m + n  

Proof-By property of q-generalized gamma function 

																										Γ 	 , (n) = t 	e ,
[ ] 	d t 

Substitute t = x2 then d t =	[2] x d x 

																										Γ 	 , (n) = [2] x 	e ,
[ ] 	d x 

																									Γ 	 , (n) 		= [2] x 	e ,
[ ] 	d x 

Both side multiply by			Γ 	 , (m) 
																	Γ 	 , (m)		Γ 

	 ,
(n) = 
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																																						[2] [2] x 	e ,
[ ] 	d x y 	e ,

[ ] 	d y 

Assume x=rcos , θ  and y = rsin , θ 
d xd y = [k] [r]d rd θ 

																																						

= [2] [2] (rsin , θ) 	e ,

( , θ)
[ ] (rcos , θ) 	e ,

( , θ)
[ ] 	 [k] [r]d rd θ 

																																						

= [2] [2] [r] ( ) e ,

( )
[ ] d r (sin , θ) 	 (cos , θ) 		 [k] d θ 

Rewrite the above equation 

= [2] [r] ( ) e ,

( )
[ ] d r								[2] [k]

( )
sin , θ 	

[ ]
(cos , θ) 		d θ 

         = Γ , (m + n) B , (m, n) 
 
Relation Between q-Gamma Function and Integral Transform- 
We introduce a new concept, namely q-Laplace transform of a function, which will play a 
similar role in mathematical analysis as well as mathematical physics.we generalized the 
function in terms of q –analog and find relation between generalized gamma function. 
q-Laplace Transform is 

퐿 {푓(푥)}푠 = 	 푒 푓(푥)푑푥 	푓표푟	ℜ(푠) > 0 

Above Laplace Transform can be written in this form 

퐿 {푓(푥)}푠 = 	

⎩
⎪
⎨

⎪
⎧ [1− (1− 푞)푠푥] [푓(푥)푑푥]	푓표푟	ℜ(1− (1− 푞)푠푥) > 0

( )

[1 + (푞 − 1)푠푥] 푓(푥)푑푥 	푓표푟	ℜ(푠) > 0

 

Generalized q-Laplace Transform is 

퐿 , {푓(푥)}푠 = 	 푒
( )

[ ] 푓(푥)푑 푥 	푓표푟	ℜ(푠) > 0 

Theorem1.4-Substitute f(x) =xn-1 in above equation, then result is 
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퐿 , {x }푠 = 	 푒
( )

[ ] t
s 	푑 푥				푓표푟	ℜ(푠) > 0 

Put sx = t Then x =		   

= 	 푒
( )

[ ] t
s 	

1
푠 푑 푡	 

																																																				= 	∫ 푒
( )

[ ] (t) 푑 푡	 = , ( ) 

퐿 , {x }푠 =
Γ , (푛)
푠  

Theorem 1.5 
Relation between Gamma function and Fourier transform. if s>0 then 

                                        퐹 , [푢(푡)푡 ] = 	 푖 , ( ) 

Consider, 퐹 , [푢(푡)푡 ] = ∫ 푢(푡)푡 푒
( )

[ ] 	푑 푡 
where u(t) is Heaviside’s unit function is defined as follows 

                  u(t-a) = 0					푡 < 푎
1				푡 ≥ 푎								 

                            퐹 , [푢(푡)푡 ] = ∫ 푢(푡)푡 푒
( )

[ ] 	푑 푡 

= 푢(푡)푡 푒
( )
[ ] 	푑 푡 + 푢(푡)푡 푒

( )
[ ] 	푑 푡 

																									= ∫ 푡 푒
( )

[ ] 	푑 푡    [Using definition of Heaviside unit function] 

put ist =-x then 푡 = ⇒ 푑 푡 = −  

=
−푥
푖푠 푒

( ) ( )
[ ] 	

−1
푖푠 푑 푥 

=
−1
푖푠

−푥푖
푖 푠 푒

( ) ( )
[ ] 	푑 푥 

=
−푖. 푖
푖 푠

(푥) 푒
( )

[ ] 	푑 푥 

=
푖
푠

(푥) 푒
( )

[ ] 	푑 푥 

=
푖
푠 Γ , (푛) 

퐹 , [푢(푡)푡 ] = 	 푖
Γ , (푛)
푠  
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