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Abstract. In time series analysis, comparing spectral densities of several processes with almost 

periodic spectra is an interested problem. The aim of this paper is to give an approach to test the equality 

among spectral densities of several independent almost periodically correlated (cyclostationary) 

processes. This approach is based on the limiting distribution for the periodogram and the discrete Fourier 

transform. The simulation results indicate that the approach well acts. 
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1. Introduction 

Comparing spectral densities of several processes is an important topic that has many 

applications in economics, finance, physics, signal processing, and many others. The researchers 

like to explore if several time series have the same stochastic mechanism. 

Many references have considered the comparison, classification and clustering of two or 

several processes. For example, De Souza and Thomson (1982), Coates and Diggle (1986), 

Potscher and Reschenhofer (1988), Diggle and Fisher (1991), Dargahi- Noubary (1992), Diggle 

and al Wasel (1997), Kakizawa et al. (1998), Timmer et al. (1999), Maharaj [(1999); (2000); 

(2002); (2005)], Caiado et al. (2006), Eichler (2008), Fokianos and Savvides (2008), Caiado et 

al. (2009), Dette and Paparoditis (2009), Dette et al. (2010), Dette and Hildebrandt (2011), 

Jentsch  (2012), Jentsch and Pauly (2012), Salcedo et al. (2012), Jentsch and Pauly (2014), 

Triacca (2016), Mahmoudi et al. (2017)  studied these subjects for stationary time series. 



But the stationarity assumption is not satisfied in many situations, specially when the 

processes have a periodic rhythm. In these cases, cyclostationary (CS) and almost 

cyclostationary (ACS) processes are naturally applied to model the rhythmic component. 

Mahmoudi et al. (2018b) and Mahmoudi et al. (2018c) considered the comparison, classification 

and clustering of two CS time series, respectively. 

The ACS is a large non-stationary time series class that contained stationary and CS 

processes. The mean and auto-covariance functions of ACS are almost periodic. The spectra of 

these processes are supported on lines that are parallel to the main diagonal, 𝑇𝑗(𝑥) = 𝑥 ± 𝛼𝑗 , 𝑗 =

1, 2, …, in spectral square [0,2𝜋) × [0,2𝜋). The theories and applications of ACS time series 

were considered in many researches such as Gladyshev [(1961); (1963)], Gardner (1991), Hurd 

(1991), Hurd and Leskow (1992), Leskow and Weron (1992), Gardner (1994), Leskow (1994), 

Lii and Rosenblatt [(2002); (2006)], Gardner et al. (2006), Hurd and Miamee (2007), Lenart 

[(2008); (2011)], Napolitano (2012), Lenart (2013), Lenart and Pipien [(2013a), (2013b)], 

Mahmoudi et al. (2015), Mahmoudi and Maleki (2017), Nematollahi et al. (2017), Lenart and 

Pipien (2017), and Mahmoudi et al. (2018a). 

In this work, the asymptotic distribution for the periodogaram and discrete Fourier transform 

of ACS processes will be applied to construct an approach to compare and classify several ACS 

processes. Section 2 is devoted to notations and preliminaries. The technique to compare and 

classify the ACS processes is presented in Section 3. The ability of the introduced approach is 

studied by means of extensive Monte Carlo simulations, and real world problem, in Sections 4 

and 5, respectively. 

 

2. Notations and Preliminaries 

Definition 1:  Almost Periodic Function [Corduneanu (1989)]  

A function 𝑓 (𝑡): 𝑍 →  𝑅 is almost periodic if for any 𝜀 > 0, there exists a positive 

integer 𝐿𝜀 such that among any 𝐿𝜀 > 0 consecutive integers there is a positive integer 𝑝𝜀 such 

that 

𝑠𝑢𝑝𝑡∈Ζ|𝑓(𝑡 + 𝑝𝜀) − 𝑓(𝑡)| < 𝜀. 
 

Definition 2:  ACS Process [Mahmoudi et al. (2018a)] 

A second order process {𝑋𝑡: 𝑡 ∈  𝑍} is called ACS if the process has almost periodic 

mean, 𝜇(𝑡) =  𝐸(𝑋𝑡), and autocovariance, 𝐵(𝑡, 𝜏) =  𝑐𝑜𝑣(𝑋𝑡, 𝑋𝑡+𝜏), at t, for every τ ∈ Z.  

 

As Mahmoudi et al. (2018a), the following assumptions have been considered in this 

work: 

(A1) {𝑋𝑡: 𝑡 ∈  𝑍} is a zero-mean and real-valued time series.  

(A2) 𝑋𝑡 is an ACS process. 

By these assumptions, the autocovariance function 𝐵(𝑡, 𝜏) can be represented by 



𝐵(𝑡, 𝜏)~ ∑ 𝑎(𝜔, 𝜏)𝑒𝑖𝜔𝑡,

𝜔∈𝑊𝑡

 

where  

𝑎(𝜔, 𝜏) = lim
𝑛→∞

(
1

𝑛
∑ 𝐵(𝑗, 𝜏)

𝑛

𝑗=1

𝑒−𝑖𝜔𝑡) , 

and for fixed 𝜏. Also as Corduneanu (1989) and Hurd (1991) indicated the set 𝑊𝜏 =
{𝜔 ∈ [0,2𝜋): 𝑎(𝜔, 𝜏) ≠ 0} is a countable set of frequencies. 

 

(A3) 𝑊 = ⋃ 𝑊𝜏𝜏∈𝑍 , is a finite set and the spectra of 𝑋𝑡 is supported on lines that are parallel to 

the main diagonal, 𝑇𝑗(𝑥) = 𝑥 ± 𝛼𝑗 , 𝑗 = 1, 2, …, in spectral square [0,2𝜋) × [0,2𝜋). Thus we 

have 

𝐵(𝑡, 𝜏) = ∑ 𝑎(𝜔, 𝜏)𝑒𝑖𝜔𝑡,

𝜔∈𝑊

 

and the spectral measure of 𝑋𝑡, will be supported on the set  

𝑆 = ⋃ {(𝜈, 𝛾) ∈ [0,2𝜋)2: 𝛾 = 𝜈 − 𝜔}.

𝜔∈𝑊

 

 

Moreover, the coefficients  

𝑎(𝜔, 𝜏) = ∫ 𝑒𝑖𝜉𝜏𝑟𝜔(𝑑𝜉),
2𝜋

0

 

are the Fourier transforms of the measures 𝑟𝜔(·). 
 

We note that the 𝑟𝜔will be identified if the spectral measure of 𝑋𝑡 be restricted on the line 𝛾 =
𝜈 − 𝜔, modulo 2𝜋,  where 𝜔 ∈ 𝑊. 
Remark: In the rest of paper, all equalities of frequencies are modulo 2𝜋. 

(A4) 𝑟0 is an absolute continuous measure with respect to the Lebesgue measure. 

 

Dehay and Hurd (1994) shown by considering this assumption and ∑ |𝑎(𝜔, 𝜏)| < ∞,∞
𝜏=−∞  for any 

𝜔 ∈ 𝑊, result in a spectral density function 𝑓𝜔(·) exists such  

that 

𝑓𝜔(𝜈) =
1

2𝜋
∑ 𝑎(𝜔, 𝜏)𝑒−𝑖𝜈𝜏

∞

𝜏=−∞

. 

 

Consequently, an ACS process with support on a finite number of cyclic frequencies is 

represented by 

𝑋𝑡 =  ∫ 𝑒−𝑖𝑡𝑥𝜁(𝑑𝑥),   𝑡 ∈ ℤ,

2𝜋

0

 

where 𝜁 is a random spectral measure on [0, 2𝜋) such that 



𝐸(𝜁(𝑑𝜃)𝜁(𝑑𝜃′)̅̅ ̅̅ ̅̅ ̅̅ ̅) = 0, (𝜃, 𝜃′) ∉ 𝑆. 

As Mahmoudi et al. (2018) indicated, the spectral distribution and density matrices of 𝜁, are 

defined by 

𝑭(𝑑𝜆) = [𝐹𝑘,𝑗(𝑑𝜆)]
𝑗,𝑘=1,…,𝑚

, 

and 

𝒇(𝜆) =
𝑑𝑭

𝑑𝜆
= [𝑓𝑘,𝑗(𝜆)]

𝑗,𝑘=1,…,𝑚
,   

respectively, where 

𝐹𝑘,𝑗(𝑑𝜆) = 𝐸 (𝜁 (𝑑𝜆 + 𝛼𝑘)𝜁 (𝑑𝜆 + 𝛼𝑗)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅) , 𝑘, 𝑗 =  1, … , 𝑚, 

anf 𝑓𝑘,𝑗 is spectral density correspond to 𝐹𝑘,𝑗. 

Definition 3:  Discrete Fourier Transform (DFT) 

Assume a sample 𝑋0, … , 𝑋𝑁−1, from ACS process {𝑋𝑡: 𝑡 ∈  𝑍}. The DFT of the finite sequence 

𝑋0, … , 𝑋𝑁−1, is defined by 

𝑑𝑋(𝜆) = 𝑁−1 2⁄ ∑ 𝑋𝑡𝑒−𝑖𝑡𝜆

𝑁−1

𝑡=0

 , 𝜆 ∈ [0,2𝜋). 

Definition 4:  Periodogram 

Assume that we have a sample 𝑋0, … , 𝑋𝑁−1, from ACS process {𝑋𝑡: 𝑡 ∈  𝑍}. The DFT of the 

finite sequence 𝑋0, … , 𝑋𝑁−1, is defined by 

𝐼𝑋(𝜆) = |𝑑𝑋(𝜆)|2 , 𝜆 ∈ [0,2𝜋). 

The distribution of DFT and periodogram of ACS processes are widely studied by Lenart (2013), 

Lenart and Pipien [(2013a); (2017)] and Mahmoudi et al. (2018a). 

 

3. Methodology 

 Suppose {𝑋𝑡
(1)

, 𝑡 = 1, … , 𝑛1},  {𝑋𝑡
(2)

, 𝑡 = 1, … , 𝑛2}, …, {𝑋𝑡
(𝑙)

, 𝑡 = 1, … , 𝑛𝑙}, are l 

independent ACS processes with m spectral cycles. 

Commonly, the researchers want to test the null hypothesis 𝐻0: 𝑋𝑡
(1)

≡ 𝑋𝑡
(2)

≡ ⋯ ≡ 𝑋𝑡
(𝑙)

, that is 

equivalent to 𝐻0: 𝒇𝟏 = 𝒇𝟐 = ⋯ = 𝒇𝒍, such that 𝒇𝟏, … , and 𝒇𝒍 are the spectral density matrices 

respectively corresponding to 𝑋𝑡
(1)

, …, and 𝑋𝑡
(𝑙)

. If the null hypothesis 𝐻0 is not accepted then it 



can be concluded that at least two time series of the l time series have different rhythms, and if 

𝐻0 is accepted consequently the stochastic behaviours of all processes are similar.  

Mahmoudi et al. (2018a) introduced the periodogram for ACS time series as 

𝑰𝑋
𝑚(𝜆) = 𝒅𝑋

𝑚(𝜆)𝒅𝑋
𝑚∗(𝜆), 

 such that 

𝒅𝑋
𝑚(𝜆) = (𝑑𝑋(𝑇1(𝜆)), 𝑑𝑋(𝑇2(𝜆)) … , 𝑑𝑋(𝑇𝑚(𝜆)))

′

 , 𝜆 ∈ [0, 2𝜋), 

where 𝒅𝑋
𝑚∗(𝜆) is the complex conjugate transpose of 𝒅𝑋

𝑚(𝜆). 

 

Lemma 3.1: Let  {𝑋𝑡 , 𝑡 ∈ ℤ} is an ACS time series with corresponding spectral density 𝒇(𝜆),

𝜆 ∈ [0,2𝜋). Assume λ1 < ⋯ < λJ are frequencies in 0,2𝜋). Then 

(i) 𝒇(𝜆) can be  asymptotically estimated by �̂�(𝜆): =
𝑰𝑋

𝑚(𝜆)

2𝜋
. 

(ii) 𝒅𝑋
𝑚(λj), 𝑗 = 1, … , 𝐽, have the asymptotic and independent m-variate complex normal 

distributions,  𝑁𝑚
𝑐 (0, 2𝜋𝒇(𝜆𝑗)). 

(iii) 𝑰𝑋
𝑚(λj), 𝑗 = 1, … , 𝐽, have the asymptotic and independent complex Wishart 

distributions, 𝑊𝑚
𝑐 (𝟏, 2𝜋𝒇(𝜆𝑗)). 

Proof: Mahmoudi et al. (2018a). ∎ 

Let 𝑌𝑗
(𝑘)

= 𝑅𝑒 (𝒅
𝑋(𝑘)
𝑚 (𝜆𝑗)) , 𝑗 = 1, … , 𝐽, 𝑘 = 1,2, … , 𝑙, and 𝑍𝑗

(𝑘)
= 𝐼𝑚 (𝒅

𝑋(𝑘)
𝑚 (𝜆𝑗)), 𝑗 =

1, … , 𝐽, 𝑘 = 1,2, … , 𝑙, such that  𝒅
𝑋(𝑘)
𝑚 (𝜆𝑗),   is the 𝒅𝑋

𝑇 (λj) corresponding to 𝑘𝑡ℎ time series. As a 

result of Lemma 3.1, it can be concluded that for 𝑘 = 1,2, … , 𝑙, the asymptotic distribution of  

𝑊𝑗
(𝑘)

= (𝑌𝑗
(𝑘)

, 𝑍𝑗
(𝑘)

)
′

 is 𝑁2𝑚(0, 𝚺𝑗
(𝑘)

), such that 𝚺𝑗
(𝑘)

= [
𝑽𝑌𝑗𝑌𝑗

(𝑘)
𝑽𝑌𝑗𝑍𝑗

(𝑘)

𝑽𝑍𝑗𝑌𝑗

(𝑘)
𝑽𝑍𝑗𝑍𝑗

(𝑘)
], 𝑽𝐴𝐵 = 𝐶𝑂𝑉(𝐴, 𝐵). 

Consequently, the asymptotic distribution of 𝑈(𝑘) = ∑ 𝑊𝑗
(𝑘)𝐽

𝑗=1  is  𝑁2𝑚(0, 𝚺(𝑘)), such that 

𝚺(𝑘) = 𝚺1
(𝑘)

+ ⋯ + 𝚺𝐽
(𝑘)

. 

 

3.1. Test of Hypothesis 

As previous discussion, usually, the researchers want to test the null hypothesis 𝐻0: 𝒇𝟏 =

𝒇𝟐 = ⋯ = 𝒇𝒍, that is equivalent to 𝐻0:  𝚺(1) = 𝚺(2) = ⋯ =  𝚺(𝑙). In general, the Box’s M test, 



Box [(1949); (1950)], is applied to compare the covariance matrices of m independent 

populations. As Rencher and Christensen (2012), firs we compute the modified likelihood-ratio 

statistic 𝑇0 given by 

𝑇0 = (𝑁 − 𝑚)𝐿𝑛|𝑺𝑝𝑜𝑜𝑙𝑒𝑑| − ∑((𝑁𝑘 − 1)𝐿𝑛|𝑺𝑘|)

𝑚

𝑘=1

, 

where 𝑁𝑘 and 𝑺𝑘 are sample size and sample covariance matrix of 𝑘𝑡ℎ sample, respectively, 

𝑁 = 𝑁1 + 𝑁2 + ⋯ + 𝑁𝑚, and 

𝑺𝑝𝑜𝑜𝑙𝑒𝑑 = ∑(𝑁𝑘 − 1)

𝑚

𝑘=1

𝑺𝑘/(𝑁 − 𝑚). 

Then the accurate 𝜒2 and F approximations (Rencher and Christensen (2012)) are computed by  

Box’s 𝜒2 approximation is given by 

𝜒0
2 = (1 − 𝑐1)𝑇0, 

and 

𝐹0 = {

𝑏1𝑇0                     𝑖𝑓 𝑐2 > 𝑐1
2                  

−𝑎2𝑏2𝑇0

𝑎1(1 − 𝑏2𝑇0)
         𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                     

 

which have approximately 𝜒2 distribution with (𝑚 − 1)𝑚(2𝑚 + 1) degrees of freedom and  

F distribution with 𝑎1 and 𝑎2 degrees of freedom, respectively, such that 

𝑐1 =
8𝑚2 + 6𝑚 − 1

6(2𝑚 + 1)(𝑚 − 1)
(∑(𝑁𝑘 − 1)−1 − (𝑁 − 𝑚)−1

𝑚

𝑘=1

), 

𝑐2 =
(2𝑚 − 1)(𝑚 + 1)

3(𝑚 − 1)
(∑(𝑁𝑘 − 1)−2 − (𝑁 − 𝑚)−2

𝑚

𝑘=1

), 

𝑎1 = (𝑚 − 1)𝑚(2𝑚 + 1),   𝑎2 =
𝑎1 + 2

|𝑐2 − 𝑐1
2|

 , 𝑏1 =
1 − 𝑐1 −

𝑎1

𝑎2

𝑎1
 , 

and 

𝑏2 =
1 − 𝑐1 +

2
𝑎2

𝑎2
. 

Therefore the critical regions for a test of size 𝛼 for the 𝜒2 and F approximations are 



𝜒0
2 > 𝜒𝛼

2(𝑎1), 

 and 

𝐹0 > 𝐹𝛼(𝑎1, 𝑎2). 

 

4. Simulation Study 

To analyze the accuracy of proposed method, we generated  

(𝑛1, 𝑛2, 𝑛3) = {(100, 50,75), (150, 75,100), (200,150, 100), (500, 250,300)} 

observations from the ACS processes  

𝑋𝑡
(𝑖)

= (1 + cos(𝜔𝑖𝑡))𝑌𝑡
(𝑖)

, 𝜔 ∈ (0, ∞),    𝑖 = 1,2,3, 

where 

𝑌𝑡
(𝑖)

= 𝑍𝑡
(𝑖)

+ 0.5𝑍𝑡−1
(𝑖)

, 

and 𝑍𝑡
(𝑖)

, 𝑖 = 1,2,3, are independent sequences of IIDN(0,1). 

 

The spectral mass of 𝑋𝑡
(𝑖)

 is supported on the lines given by 

𝑇1(𝑥) = 𝑥, 𝑇2(𝑥) = 𝑥 + 𝜔𝑖, 𝑇3(𝑥) = 𝑥 − 𝜔𝑖, 𝑇4(𝑥) = 𝑥 − 2𝜔𝑖, 𝑇5(𝑥) = 𝑥 + 2𝜔𝑖. 

Figure 1 indicates the spectral plane[0,2𝜋)2, for  

𝜔𝑖 = {0.75,1.5,2.25}. 

  
Figure 1: The spectral square of the process, Left: 𝜔𝑖 = 0.5, Middle: 𝜔𝑖 = 1, and Right: 𝜔𝑖 = 2. 

First, we estimated the Type I error probability (�̂�) and power (�̂�) based on 1000 

replications and 1000 iterations. Then we graph Q–Q plot for the test statistic 𝜒2∗
based on the 

computed values of the simulation runs. 



Table1 report the values of �̂� (in rows: 1th, 14th and 27th) and �̂� (other rows). The results 

indicates that the values of �̂� is very close to the considered size (𝛼 = 0.05), especially for large 

values of (n1, n2, n3). Also the power studies show that the proposed method excellently 

discriminate H0 from H1.  

 

 
Table 1: The values of �̂� and �̂� for the introduced approach 

 (𝑛1, 𝑛2, 𝑛3) 

𝜔1 𝜔2 𝜔3 (100, 50,75) (150, 75,100) (200,150, 100) (500, 250,300) 

 

0.75 

0.75 

0.75 0.052 0.050 0.050 0.048 

1.5 0.796 0.885 0.924 0.985 

2.25 0.757 0.878 0.942 0.990 

1.5 

0.75 0.777 0.883 0.927 0.971 

1.5 0.770 0.875 0.909 0.976 

2.25 0.775 0.889 0.928 0.976 

2.25 

0.75 0.768 0.883 0.914 0.994 

1.5 0.755 0.857 0.955 0.996 

2.25 0.752 0.860 0.903 0.976 

 

 

 

 

1.5 

0.75 

0.75 0.783 0.854 0.919 0.983 

1.5 0.796 0.876 0.943 0.985 

2.25 0.774 0.893 0.934 0.995 

1.5 

0.75 0.758 0.879 0.915 0.998 

1.5 0.052 0.051 0.049 0.048 

2.25 0.790 0.874 0.946 0.993 

2.25 

0.75 0.788 0.870 0.929 0.998 

1.5 0.779 0.872 0.956 0.996 

2.25 0.750 0.877 0.922 0.987 

2.25 

0.75 

0.75 0.798 0.896 0.912 0.991 

1.5 0.769 0.874 0.934 0.972 

2 0.767 0.876 0.932 0.984 

1.5 

0.75 0.756 0.863 0.933 0.986 

1.5 0.791 0.876 0.909 0.971 

2.25 0.754 0.887 0.920 0.990 

2.25 

0.75 0.754 0.874 0.905 0.992 

1.5 0.768 0.880 0.919 0.995 

0.051 0.051 0.049 0.049 0.051 

 

 

5. Real Data 

 

This section is devoted to illustrate the ability of introduced approach in practical cases. 

The dataset includes the first difference of centered moving average filter 2×12 moving average 

(MA) applied for logarithm of industrial production index (IPI) in Poland (2005 = 100%) since 

January 1995 untile December 2009, Lenart and Pipien (2013b). We split this dataset in three 

parts with equal sizes. The spectral frequency squares of these parts are given in Figure 2. The 

results detect ACS time series with spectra on the lines 𝑇𝑗(𝑥) = 𝑥 ± 𝛼, 𝛼 ∈

{0.062, 0.153, 0.258}. This result verifies the given result in Lenart and Pipien (2013b). Then the 

introduced technique is used to test the the hypothesis  𝚺(1) = 𝚺(2) = 𝚺(3) (or equivalently, 𝒇𝟏 =

𝒇𝟐 = 𝒇𝟑). Table 2 summarizes the results. As can be seen, since the p value is more than 0.05, 



thus the null hypothesis can not be rejected and consequently the stochastic behaviours of all 

processes are similar. 

 

 
Figure 2: Spectral frequency square (Left: Part 1, Middle: Part 2, Right: Part 3) 

 

Table 2: Testing the equality of different parts  

Test Statistic P-Value 

𝜒0
2 = 35.162 0.763 

 

Conflict of Interest 

The authors declare that they have no conflict of interest. 

References 

Box, G. E. P. (1949). A General Distribution Theory for a Class of Likelihood Criteria. Biometrika, 36, 317–346. 

Box, G. E. P. (1950). Problems in the Analysis of Growth and Wear Curves. Biometrics, 6, 362–389. 

Box, G. E. P., Jenkins, G. M. (1970). Time Series Analysis: Forecasting and Control, Holden-Day: San Francisco, 

CA, USA. 

Caiado, J., Crato, N., Pena, D. (2006). A Periodogram-based Metric for Time Series Classification, Computational 

Statistics & Data Analysis, 50, 2668-2684. 

Caiado, J., Crato, N., Pena, D. (2009). Comparison of times series with unequal length in the frequency domain, 

Comm. Statist. Simulation Comput., 38, 527–540. 

Coates, D. S., Diggle, P. J. (1986). Tests for Comparing Two Estimated Spectral Densities, Journal of Time Series 

Analysis, 7, 7-20. 

Corduneanu, C. (1989). Almost Periodic Functions, Chelsea: New York.  

Dargahi-Noubary, G. R. (1992). Discrimination between Gaussian Time Series based on Their Spectral Differences, 

Communications in Statistics (Theory and Methods), 21, 2439-2458. 



Dehay, D., Hurd, H. (1994). Representation and estimation for periodically and almost periodically correlated 

random processes. In: W.A. Gardner (Ed.), Cyclostationarity in Communications and Signal Processing, IEEE 

Press, 295–329. 

De Souza, P., Thomson, P. (1982). Lpc distance measures and statistical tests with particular reference to likelihood 

ratio, IEEE Transactions Accoustics Speech Signal Process, 30, 304-315. 

Dette, H., Hildebrandt, T. (2011). A note on testing hypothesis for stationary processes in the frequency domain, J. 

Multivariate Anal., 104, 101–114. 

Dette, H., Kinsvater, T., and Vetter, M. (2010). Testing nonparametric hypotheses for stationary processes by 

estimating minimal distances, Journal of Time Series Analysis, 32, 447-461. 

Dette, H., Paparoditis, E. (2009). Bootstrapping frequency domain tests in multivariate time series with an 

application to comparing spectral densities, Journal of the Royal Statistical Society B, 71, 831-8571. 

Diggle, P. J., Fisher, N. I. (1991). Nonparametric Comparison of Cumulative Periodograms, Applied Statistics, 40, 

423-434. 

Diggle, P. J., al Wasel, I. (1997). Spectral Analysis of Replicated Biomedical Time Series, Applied Statistics, 46, 31-

71.  

Eichler, M. (2008). Testing nonparametric and semiparametric hypotheses in vector stationary processes, J. 

Multivariate Anal., 99 968–1009. 

Fokianos, K., Savvides, A. (2008). On Comparing Several Spectral Densities. Technometrics, 50 (3), 317-331. 

Gardner, W. A. (1991). Exploitation of Spectral Redundancy in Cyclostationary Signals. IEEE Signal Processing 

Magazine, 8 (2), 14–36 . 

Gardner, W. A., ed. (1994). Cyclostationarity in Communications and Signal Processing. IEEE Press, New York . 

Gardner, W. A., Napolitano, A., Paura, L. (2006). Cyclostationarity: Half  a  Century of  Research, Signal 

Processing, 86, 639-697. 

Gladyshev, E. G. (1961). Periodically Correlated Random Sequences.  Soviet Math. Dokl., 2, 385-388.  

Gladyshev, E. G. (1963). Periodically and Almost Periodically Correlated Random Processes with a Continuous 

Time Parameter. Theory Probab. Appl., 8, 173–177 . 

Hurd, H. (1991). Correlation theory of almost periodically correlated processes. J. Multivariate Anal., 37, 24–45.  

Hurd, H., Leskow, J. (1992). Strongly Consistent and Asymptotically Normal Estimation of the Covariance for 

Almost Periodically Correlated Processes. Statist. Decisions, 10, 201–225. 

Hurd, H. L., Miamee, A. G. (2007). Periodically Correlated Random Sequences: Spectral Theory and Practice. 

Wiley, Hoboken. 

Jentsch, C. (2012). A new frequency domain approach of testing for covariance stationarity and for periodic 

stationarity in multivariate linear processes, J. Time Series Anal., 33, 177–192. 

Jentsch, C., Pauly, M. (2012). A note on using periodogram-based distances for comparing spectral densities, Statist. 

Probab. Lett., 82, 158–164. 

Jentsch, C., Pauly, M. (2015). Testing equality of spectral densities using randomization techniques, Bernoulli, 

21(2), 697–739. 



Kakizawa, Y., Shumway, R. H., Taniguchi, M. (1998). Discrimination and Clustering for Multivariate Time series, 

Journal of the American Statistical Association 93, 328-340. 

Lenart, L. (2008). Asymptotic properties of periodogram for almost periodically correlated time series. Probability 

and Mathematical Statistics. 28 (2), 305-324. 

Lenart, L. (2011). Asymptotic distributions and subsampling in spectral analysis for almost periodically correlated 

time series. Bernoulli, 17(1): 290–319. 

Lenart, L. (2013). Non-parametric Frequency Identification and Estimation in Mean for Almost Periodically 

Correlated Time Series, Journal of Multivariate Analysis, 115, 252-269. 

Lenart L., Pipien, M. (2013a). Seasonality Revisited - Statistical Testing for Almost Periodically Correlated 

Processes, Central European Journal of Economic Modelling and Econometrics, 5, 85-102. 

Lenart, L., Pipien, M. (2013b). Almost Periodically Correlated Time Series in Business Fluctuations Analysis, Acta 

Physica Polonica A, 123(3), 567-583. 

Lenart, L., Pipien, M. (2017). Non-Parametric Test for the Existence of the Common Deterministic Cycle: The Case 

of the Selected European Countries, Central European Journal of Economic Modeling and Econometrics, 9 (3), 

201-241. 

Leskow, J. (1994). Asymptotic normality of the spectral density estimator for almost periodically correlated 

stochastic processes. Stoch. Process. Appl., 52, 351–360. 

Leskow, J., Weron, A. (1992). Ergodic Behavior and Estimation for Periodically Correlated Processes. Statist. 

Probab. Lett., 15, 299–304. 

Lii, K.-S., Rosenblatt,  M. (2002). Spectral Analysis for Harmonizable Processes. Ann. Statist., 30 (1), 258–297.  

Lii, K.-S., Rosenblatt,  M. (2006). Estimation for Almost Periodic Processes. Ann. Statist., 34 (3), 1115–1139.  

Maharaj, E.A. (1999). Comparison and classification of stationary multivariate time series, Pattern Recognition, 32, 

1129–1138. 

Maharaj, E.A. (2000). Clusters of time series, Journal of Classification, 17, 297–314. 

Maharaj, E. A. (2002). Comparison of Non-stationary Time Series in the Frequency Domain, Computational 

Statistics & Data Analysis, 40, 131-141. 

Maharaj, E.A. (2005). Using wavelets to compare time series patterns, International Journal of Wavelets, 

Multiresolution and Information Processing, 3, 511–521. 

Mahmoudi, M. R., Heydari, M. H., Avazzadeh, Z. (2018a). On the Asymptotic Distribution for the Periodograms of 

Almost Periodically Correlated (Cyclostationary) Processes, Digital Signal Processing, 81, 186-197. 

Mahmoudi, M. R., Heydari, M. H., Avazzadeh, Z. (2018b). Testing the Difference between Spectral Densities of 

Two Independent Periodically Correlated (Cyclostationary) Time Series Models, Communications in Statistics—

Theory and Methods, In Print. 

Mahmoudi, M. R., Heydari, M. H., Roohi, R. (2018c). A new method to compare the spectral densities of two 

independent periodically correlated time series, Mathematics and Computers in Simulation, DOI: 

10.1016/j.matcom.2018.12.008. 

Mahmoudi, M. R., Maleki, M. (2017). A New Method to Detect Periodically Correlated Structure, Computational 

Statistics, 32 (4), 1569-1581. 



Mahmoudi, M. R., Maleki, M., Pak, A. (2017). Testing the Difference between Two Independent Time Series 

Models. Iranian Journal of Science and Technology: Sciences 41(3): 665-669. 

Mahmoudi, M. R., Nematollahi, A. R., Soltani, A. R. (2015). On the Detection and Estimation of Simple Processes, 

Iranian Journal of Science and Technology, A, 39 A2, 239-242.  

Napolitano, A. (2012). Generalizations of Cyclostationary Signal Processing: Spectral Analysis and Applications, 

Wiley-IEEE Press. 

Nematollahi, A. R., Soltani, A. R., Mahmoudi, M. R. (2017). Periodically Correlated Modeling by Means of the 

Periodograms Asymptotic Distributions, Statistical Papers, 58 (4), 1267-1278. 

Potscher, B., Reschenhofer, E. (1988). Discriminating between two spectral densities in case of replicated 

observations, Journal of Time Series Analysis, 9, 221-224. 

Rencher, A. C., Christensen, W. F. (2012). Methods of Multivariate Analysis. 3rd ed. Hoboken, NJ: Wiley. 

Salcedo, G. E., Porto, R. F., Morettin, P. A. (2012).Comparing non-stationary and irregularly spaced time series, 

Computational Statistics & Data Analysis, 56(12), 3921–3934. 

Synowiecki, R. (2007). Consistency and Application of Moving Block Bootstrap for Nonstationary Time Series with 

Periodic and Almost Periodic Structure, Bernoulli, 13, 1151–1178. 

Timmer, J., Lauk, M., Vach, W., Lucking, C.H.  (1999). A test for the difference between spectral peak frequencies, 

Computational Statistics & Data Analysis, 30, 45–55. 

Triacca, U. (2016). Measuring the Distance between Sets of ARMA Models, Econometrics, 4(3), 32. 

Samadianfard, Saeed, et al. "Wind speed prediction using a hybrid model of the multi-layer perceptron and whale 

optimization algorithm." Energy Reports 6 (2020): 1147-1159.  

Taherei Ghazvinei, Pezhman, et al. "Sugarcane growth prediction based on meteorological parameters using extreme 

learning machine and artificial neural network." Engineering Applications of Computational Fluid Mechanics 12.1 

(2018): 738-749.  

Qasem, Sultan Noman, et al. "Estimating daily dew point temperature using machine learning algorithms." Water 

11.3 (2019): 582.  

Mosavi, Amir, and Atieh Vaezipour. "Reactive search optimization; application to multiobjective optimization 

problems." Applied Mathematics 3.10A (2012): 1572-1582.  

Shabani, Sevda, et al. "Modeling pan evaporation using Gaussian process regression K-nearest neighbors random 

forest and support vector machines; comparative analysis." Atmosphere 11.1 (2020): 66. 

Ghalandari, Mohammad, et al. "Aeromechanical optimization of first row compressor test stand blades using a 

hybrid machine learning model of genetic algorithm, artificial neural networks and design of experiments." 

Engineering Applications of Computational Fluid Mechanics 13.1 (2019): 892-904.  

Mosavi, Amir. "Multiple criteria decision-making preprocessing using data mining tools." arXiv preprint 

arXiv:1004.3258 (2010).  



Karballaeezadeh, Nader, et al. "Prediction of remaining service life of pavement using an optimized support vector 

machine (case study of Semnan–Firuzkuh road)." Engineering Applications of Computational Fluid Mechanics 13.1 

(2019): 188-198. 

Asadi, Esmaeil, et al. "Groundwater quality assessment for sustainable drinking and irrigation." Sustainability 12.1 

(2019): 177. 

Mosavi, Amir, and Abdullah Bahmani. "Energy consumption prediction using machine learning; a review." (2019). 

Dineva, Adrienn, et al. "Review of soft computing models in design and control of rotating electrical machines." 

Energies 12.6 (2019): 1049. 

Mosavi, Amir, and Timon Rabczuk. "Learning and intelligent optimization for material design innovation." In 

International Conference on Learning and Intelligent Optimization, pp. 358-363. Springer, Cham, 2017. 

Torabi, Mehrnoosh, et al. "A hybrid machine learning approach for daily prediction of solar radiation." International 

Conference on Global Research and Education. Springer, Cham, 2018. 

Mosavi, Amirhosein, et al. "Comprehensive review of deep reinforcement learning methods and applications in 

economics." Mathematics 8.10 (2020): 1640.  

Ahmadi, Mohammad Hossein, et al. "Evaluation of electrical efficiency of photovoltaic thermal solar collector." 

Engineering Applications of Computational Fluid Mechanics 14.1 (2020): 545-565.  

Ghalandari, Mohammad, et al. "Flutter speed estimation using presented differential quadrature method 

formulation." Engineering Applications of Computational Fluid Mechanics 13.1 (2019): 804-810.  

Ijadi Maghsoodi, Abteen, et al. "Renewable energy technology selection problem using integrated h-swara-

multimoora approach." Sustainability 10.12 (2018): 4481.  

Mohammadzadeh S, Danial, et al. "Prediction of compression index of fine-grained soils using a gene expression 

programming model." Infrastructures 4.2 (2019): 26.  

Sadeghzadeh, Milad, et al. "Prediction of thermo-physical properties of TiO2-Al2O3/water nanoparticles by using 

artificial neural network." Nanomaterials 10.4 (2020): 697.  

Choubin, Bahram, et al. "Earth fissure hazard prediction using machine learning models." Environmental research 

179 (2019): 108770.  

Emadi, Mostafa, et al. "Predicting and mapping of soil organic carbon using machine learning algorithms in 

Northern Iran." Remote Sensing 12.14 (2020): 2234.  

Shamshirband, Shahaboddin, et al. "Developing an ANFIS-PSO model to predict mercury emissions in combustion 

flue gases." Mathematics 7.10 (2019): 965.  

Salcedo-Sanz, Sancho, et al. "Machine learning information fusion in Earth observation: A comprehensive review of 

methods, applications and data sources." Information Fusion 63 (2020): 256-272. 

 


