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Abstract

The Riemann Hypothesis is a conjecture that the Riemann zeta function has its zeros only at the
negative even integers and complex numbers with real part % In 2011, Solé and and Planat stated

that the Riemann Hypothesis is true if and only if the inequality [, (1 + é) > 55 X 1og 6(¢,)
is satisfied for all primes g, > 3, where 6(x) is the Chebyshev function, y = 0.57721 is the
Euler-Mascheroni constant and {(x) is the Riemann zeta function. Using this result, we create a
new criterion for the Riemann Hypothesis. We prove the Riemann Hypothesis is true using this
new criterion.
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1. Introduction

The Riemann Hypothesis is a conjecture that the Riemann zeta function has its zeros only at
the negative even integers and complex numbers with real part % In mathematics, the Chebyshev
function 6(x) is given by

0(x) = ) log p

P<x

with the sum extending over all prime numbers p that are less than or equal to x, where log is the
natural logarithm [1]. We denote the nth prime number as g,. We know the following property
for the Chebyshev function and the nth prime number:

Proposition 1.1. Foralln > 2 [2]:

0(qn 1 logl
@) S s - . Joglogn

log gne1 logn 4 xlog’n’
Proposition 1.2. Forn > 8602 [2]:

gn < n X (logn + loglogn — 0.9385).
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In mathematics, ¥ = n X [, (1 + é) is called the Dedekind ¥ function, where g | n means
the prime ¢ divides n. Say Dedekinds(g,,) holds provided

1 e’
l_[ (1 + 5) > 2 10g 0(y.).

q4=qn

The constant y ~ 0.57721 is the Euler-Mascheroni constant and {(x) is the Riemann zeta func-
tion. The importance of this inequality is:

Proposition 1.3. Dedekinds(g,) holds for all prime numbers g, > 3 if and only if the Riemann
Hypothesis is true [3].

We define H = y — B such that B = 0.2614972128 is the Meissel-Mertens constant [4]. We
know the following formula:

Proposition 1.4. We have that [5]:

oo

Z (log(

k=1

qk
qr—1

1
)——):y—B:H.
qdk

In addition, we know this value of the Riemann zeta function:

Proposition 1.5. It is known that [6]:

(@) = ﬁ
k=1

Putting all together yields a proof for the Riemann Hypothesis using the Chebyshev function.

G
qi—] 6

2. What if the Riemann Hypothesis were false?

Theorem 2.1. If the Riemann Hypothesis is false, then there are infinitely many prime numbers
qn for which Dedekinds(g,) does not hold.

Proof. The Riemann Hypothesis is false, if there exists some natural number xy > 5 such that
g(xp) > 1 or equivalent log g(xp) > 0 [3]:

e’ 1\
g(x)z((—z)xlogH(x)xg(l+;1) .

‘We know the bound [3]:
2
log g(x) > log f(x) — p
where f is introduced in the Nicolas paper [1]:

1
=e’ xlogé I--].
f(x) = ¢ xlog (x)x]_[( q)

qs<x



When the Riemann Hypothesis is false, then there exists a real number b < % for which there are
infinitely many natural numbers x such that log f(x) = Q. (x ) [1]. According to the Hardy and
Littlewood definition, this would mean that

Jk>0,¥y0 € N,y e N> yo: log f(y) > kxy™

That inequality is equivalent to log f(y) > (k Xy x VY ) X5 -, but we note that

lim (k% y™ x \/y)zoo

y—o00

for every possible positive value of k when b < % In this way, this implies that

Vyo € N,dy € N> yo: log f(y) > —
\/‘
Hence, if the Riemann Hypothesis is false, then there are infinitely many natural numbers x such
that log f(x) > \/l} Since % = 0(%), then it would be infinitely many natural numbers x
such that log g(xp) > 0 [3]. In addition, if log g(xp) > O for some natural number xy > 5, then
log g(xo) = log g(g,) where g, is the greatest prime number such that g, < xy. Actually,

(103 =110+

g<xo q<qn
and
6(xo) = 0(qn)
according to the definition of the Chebyshev function. O

3. A Key Theorem

Theorem 3.1.
(1 1
D (— ~log(1 + —)) = log({(2)) — H
=1 \dk qdk

Proof. We obtain that

00

log(¢(2)) ~ H = log([ | 2" )-H
k=1 9k~
log( )
2l

00

qk B
Z(l(’g( @G- Dx @+ 1))J

00

k
Z (log(
k

=1

) + log(

1))_H



where

- Z(log( L. ) “log(LF ))—H

=i k— q

- qx 1 N d 1
= Z (log( ) —log(1 + —)) - (log(—) - —)

= gk =1 a) a—1" g
- Z(log( %) _log(l+ ) — log(—%_) + i)

— g =1 9k g —1" gk
= Z (i —log(1 + i))

Gk q

and the proof is done.

4. A New Criterion

Theorem 4.1. Dedekinds(g,) holds if and only if the inequality

o (1 1
D (— = (i x>g,1(q1)) X log(1 + —)) > B + loglog 6(q,)
= \dk qk

is satisfied for the prime number q,, where the set S = {x : x > q,} contains all the real numbers
greater than q, and s is the characteristic function of the set S (This is the function defined by
Xs(x) =1when x € S and ys(x) = 0 otherwise).

Proof. When Dedekinds(g,,) holds, we apply the logarithm to the both sides of the inequality:

1
logt(@) + ) log(1 + ) >y +loglog ()

q=qn

l0g({(2)) — H + ) log(1 + Ly B+ loglogbig)
9=qn 4

00

1
Z (l —log(1 + i)) + Z log(1 + =) > B+ loglog 6(g,).
qk L3 q

k=1 q<qn

Let’s distribute the elements of the inequality to obtain that

o (1 1
D (— = (ix: 1o, (q0) X og(1 + —)) > B +loglog 6(q,)
=1 \dk qk

when Dedekinds(g,) holds. The same happens in the reverse implication. O



5. The Main Insight

Theorem 5.1. The Riemann Hypothesis is true if the inequality

1+-L
0(gn) "™ = 0(qn+1)

is satisfied for all sufficiently large prime numbers q,.
Proof. The inequality
o [ 1 1
D= = (Wi (@) X log(1 + —)| > B+ loglog 6(g,)
=1 \dk qk
is satisfied when

o [ 1 1
> (— ~ (1 x20(q0) X log(1 + —)) > B +loglog 6(q,)
=1 \dk qk

is also satisfied, where the set S = {x : x > ¢,} contains all the real numbers greater than or
equal to g,,. In the inequality

o [ 1 1
>, (— = Ot x201(@0)) X log(1 + —)) > B +loglog 6(,)
=1 \dk qk

only change the values of

1
log(1 + —) + loglog 6(qy,)
qn

and
log log #(qn+1)

between the consecutive primes g, and g,,.;. It is enough to show that
1

log(1 + —) + loglog 6(g,) > loglog 6(q,+1)
4dn

for all sufficiently large prime numbers g,. Indeed, the inequality

[ 1 1
Z (— = (Xix: xzqu) (i) X log(1 + —)) > B+ loglog 6(q,)
=1 \dk qk

is the same as

[ 1 1
Z (_ - (X[X: qu,M](qk)) X log(l + _))
k=1 \9k 4k
1
> B +loglog 0(gy+1) + log(l + —) + loglog 6(¢,) — loglog €(q+1)
qn
where g, and g, are consecutive primes. If the Riemann Hypothesis is false, then

1
log(1 + —) + loglog 6(g,) > loglog 6(gy+1)
qn
5



must be violated for infinitely many »’s, since Dedekinds(g,+) will not hold for infinitely many
gn+1’S. By contraposition, the Riemann Hypothesis should be true when the previous inequality
is satisfied for all sufficiently large prime numbers g,. This is

1
log ((1 + —) X log 6(g,) | > loglog 8(qy+1)-
qn

That is equivalent to
1
loglog 6(g,)" " > loglog 6(qns1)-
To sum up, the Riemann Hypothesis is true when

1+-L
Q(C]n) > G(Qn+l)

is satisfied for all sufficiently large prime numbers g, O

6. The Main Theorem
Theorem 6.1. The Riemann Hypothesis is true.

Proof. The Riemann Hypothesis is true when

1
0(gn)"" @ > 0(gns1)

is satisfied for all sufficiently large prime numbers g,,. That is the same as

0(gn)"" > 6(gy) +10g(qns1)

log(gn+1)
0(qn)

after dividing the both sides of the inequality by 6(g,). We would only need to prove that

0(gn)n > 1+

logblg) _ | , !

_ 1 loglogn
qn n X (1 _Iogn + —4><log2 n)

1+

because of
0(gn) 1 N loglogn

>nx(l-
log gn+1 logn 4 xlog’n

- 1og (g,
9(qn)qin :g% 21+%Tm_

That is equivalent to

1 logl
. Joglogn

x log 0(g,) = qy.
Togn 4xlog2n)) g0(gn) 2 q

Therefore,

1 loglogn
—_— + _—
logn = 4 xlog’n

(n x (1- )) x log 6(q,) = n x (logn + loglog n — 0.9385)

6



which is

1 loglogn
- —— + ————| xlog#(g,) + 0.9385 > logn + loglogn
logn " Ixlogn g60(qn) g g log

o 1= ot ey o 09385 5 |
qn) en X e >nxlogn

nxlogn
09385 g .
- 1 loglogn

9(%) 1= fogn 4xlog2 n

However, we know that

m nxlogn . nxlogn
n1—>r§o 1— L4 loglogn n—00 = L4 loglogn
g(qn) Togn " 4x1og2 n 6’( qn) Togn " Ixlog? n

since

1 logl
lim(l— + 2k °g2”)=1
n—00 logn 4 xlog*n

Q(Qn) ~ qn, (” - Oo)

qn ~nxlogn, (n— o).

Moreover, we can see that ¢**3% > 2.5561. By the definition of the limit superior yields the

proof of the Riemann Hypothesis.
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