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IMPLICATIVITY VERSUS FILTRALITY,
DISJUNCTIVITY AND EQUALITY DETERMINANTS

ALEXEJ P. PYNKO

ABSTRACT. Extending the notion of an implicative system for a class of al-
gebras by admitting existential parameters, we come to that of [restricted,
viz., parameter-less] one, {quasi-}varieties with {relatively} subdirectly-irre-
ducibles {[i.e., those generated by subclasses|} with [restricted] implicative
system being called [restricted] implicative. Likewise, a {quasi-}variety is
said to be {relatively} [sub]directly filtral/congruence-distributive, if {relative}
congruences /lattice of any [sub]direct product of its {relatively} subdirectly-
irreducibles are/is filtral/distributive, pre-varieties (viz., abstract hereditary
multiplicative classes) generated by subclasses with (finite) disjunctive sys-
tem being called (finitely) disjunctive. The main general results of the work
are that any /{quasi-}equational {pre-}variety is /(finitely) disjunctive iff it is
{relatively} congruence-distributive with {its members isomorphic to subdirect
products of relatively finitely-subdirectly-irreducible ones}/ and the class of its
{relatively} finitely-subdirectly-irreducible members being “a universal /(first-
order) model class”|“hereditary /{and closed under ultra-products)”, while
any {quasi-}variety is [restricted] implicative it is {relatively} [sub]directly fil-
tral iff it is {relatively} [(finitely-)]semi-simple (i.e., its {relatively} [({finitely-
)]subdirectly-irreducibles are {relatively} simple) and [sub]directly congruence-
distributive with the class of {relatively} simple members being “a [univer-
sal] first-order model one”|“[hereditary and] closed under ultra-products” [iff
it is disjunctive and {relatively} finitely-semi-simple] if[f] it is {relatively}
semi-simple and has [RJEDP{R}C. In particular, any finitely-generated /semi-
simple variety of lattice expansions with hereditary class of subdirectly-irre-
ducibles is disjunctive/ “restricted implicative” that provides an immediate in-
sight into “disjunctivity but not”/restricted implicativity /“and REDPC” for
the finitely-generated “but not”/ semi-simple variety of “Stone algebras” /“dis-
tributive|De |Morgan lattices|algebras||lattices”. Finally, we exemplify our
general elaboration by applying it to the disjunctive non-implicative [quasi-
Jequational join (viz., the [quasi-]variety generated by the union) of the va-
rieties of Stone algebras and De Morgan algebras/lattices as well as finding
the lattices of its {implicative} sub-varieties {being exactly varieties of De
Morgan algebras/lattices}, all being disjunctive, and merely/“both all and”
disjunctive|implicative sub-quasi-varieties, /“disjunctive|implicative ones” ap-
pearing to be varieties.

1. INTRODUCTION

According to [18]/[17], an/a implicative/disjunctive system for a class of alge-
bras is a finite/[finite] set of quaternary equations defining implication/disjunction
of two equations in each member of the class, the quasi-/pre-variety /(viz., abstract
hereditary multiplicative class; cf. [20]) generated by this being called /[finitely]
implicative/disjunctive therein/here. On the other hand, implicative varieties ap-
pear exactly semi-simple ones with REDPC in the sense of [5] proved therein ex-
actly (subdirectly, in our extended terminology) filtral ones, i.e., subdirectly ideal
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ones. And what is more, direct ideality is equivalent to EDPC admitting existential
parameters in definining equations. These points make rather acute the issue of ad-
mitting parameters in implicative systems, those without parameters being called
restricted ones. Then, a [quasi-|variety is said to be (restricted) implicative, if its
[relatively] subdirectly-irreducibles have a common (restricted) implicative system
(i.e., is implicative in the sense of [18]). In this connection, the main result of the
work is equivalence of (restricted) implicativity of a [quasi-]variety Q to its [rel-
ative] (sub)direct filtrality, i.e., filtrality of [Q-relative] congruences of (sub)direct
products of [relatively] subdirectly-irreducibles of Q (in the equational case mean-
ing exactly the filtrality in the sense of [5]). It is remarkable that this is proved
directly {without involving extra links like EDPC and ideality} as well as uniformly
for both the parameterized and restricted case. Such uniformity equally concerns
proving [relative] (sub)direct filtrality of Q in case of both its [relatively] (sub)direct
congruence-distributivity {i.e., distributivity of the lattices of [Q-relative] congru-
ences of (sub)direct products of [relatively] subdirectly-irreducibles of Q (equivalent
to its [relative] congruence-distributivity)}, its [relative] semi-simplicity and (uni-
versal) first-order axiomatizability of the class of [relatively] subdirectly-irreducibles
of Q, but not the converse. More precisely, while the [relative] direct congruence-
distributivity of [relatively] directly filtral [quasi-]varieties ensues from the distribu-
tivity of the filter lattices, the [relative] congruence-distributivity of restricted im-
plicative [quasi-]varieties results from their disjunctivity, being due to [18, Remark
2.4], and the [relative] congruence-distributivity of disjunctive [pre-|varieties proved
here, though both facts are based upon distributivity of closure systems with dis-
junctive bases explored here, the latter one making equally acute the problems of
studying both disjunctivity and its connections with implicativity. A one more pe-
culiarity of the restricted case consists in equivalence of restricted implicativity to
semi-simplicity jointly with REDPC, while EDPC and semi-simplicity just imply
implicativity, whereas the truth of the converse remains an open problem.

In view of the universal first-order axiomatizability of abstract hereditary lo-
cal subclasses of locally-finite quasi-varieties ensuing from [4, Corollary 2.3], any
locally-finite [quasi-]variety is then restricted implicative iff it is [relatively] both
semi-simple and congruence-distributive with hereditary class of its [relatively]
subdirectly-irreducibles. In particular, the variety generated by a finite set of fi-
nite lattice expansions without non-simple non-one-element subalgebras, being thus
restricted implicative, taking [7] into account, has REDPC. This provides an im-
mediate (though far from being constructive) proof/insight to/into REDPC for the
semi-simple finitely-generated variety of distributive|“De Morgan” lattices|algebras,
originally being due to [6]|[19]. On the other hand, a generic constructive approach
to implicative systems for lattice expansions, being underlying algebras of logical
matrices with prime filter truth predicate, equality determinant and equational im-
plication, covering the varieties of [bounded] distributive lattices as well as Kleene
lattices/algebras, has been due to [17, Theorems 10, 12(iii)=-(i) and Lemma 11]
jointly with [18, Lemma A.2]. However, the varieties of /[Boolean] De Morgan lat-
tices/algebras have proved beyond it because of related negative results of [17] (cf.
the paragraph followed by Example 10 therein). Concluding this work, we propose
a supplementary generic constructive approach, based upon the notion of equality
determinant, equally covering the mentioned three varieties.

Finally, we exemplify our general elaboration by applying it to the disjunctive
non-implicative [quasi-lequational join (viz., the [quasi-]variety generated by the
union) of the varieties of Stone algebras and De Morgan algebras/lattices as well
as finding the lattices of its {implicative} sub-varieties {being exactly varieties of
De Morgan algebras/lattices}, all being disjunctive, and merely/“both all and”
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disjunctive|implicative sub-quasi-varieties, /“disjunctive|implicative ones” appear-
ing to be varieties.

The rest of the work is as follows. Section 2 is a concise summary of basic set-
theoretical and algebraic issues underlying the work. Then, in Section 3 we recall
preliminary issues concerning abstract disjunctivity as well as both finite locality
and local finiteness. Next, Section 4 is a collection of main results of the work.
Further, Section 5 exemplifies our universal elaboration within the framework of
the equational join of De Morgan and Stone algebras uniformly covering both these.
Finally, in Section 6 we briefly discuss principal problems remained open here.

2. GENERAL BACKGROUND

2.1. Set-theoretical background. Non-negative integers are identified with the
sets/ordinals of lesser ones, “their set/ordinal”|“the ordinallset class” being de-
noted by w|(oo||T). Unless any confusion is possible, one-element sets are identified
with their elements.

For any sets A, B and D as well as § C A% ¢g: A2 - A, e: A — D and
h: A — B, let px)((B,)A) be the set of all subsets of A (including B) [of cardinality

in K C oo], ((Aalve)(A/0)IIx5) = ({(a,al0{a}]) | a € A}|lve[A]lI(((AN B) x
{1}) U ((A\ B) x {0}))), Al £ (Ume(w\(ou))Am)v g9+ + AY — A, ([{a,b),]c) —

919+ ({a,0)),]o), ALY < (A™[(A/B)) = (B|p(B/A)), (fIX) — ((f o h)[h/~!
[X]) with n € w, (h xe): A — (B x D),a — (h(a),e(a)) and ep : (¥YB)? —
p(B),(d,e) — {b € B | m(d) = mp(e)}, A-tuples {viz., functions with domain A}
being written in the sequence form ¢ with t,, where a € A, standing for m,(%).
Then, for any (a|C') € (A*|p(A)), by induction on the length (viz., domain) of
any b = ([o,d)) € A%, put (@« B)|(B(V/\)C)) 2 ({(abe dDI(NNCE D))

[(provided d € / ¢ C)]. Likewise, given any S € T4 and f € [[,c4 SZ, let
(ITf) : B— (ITea Sa): b (fa(b))aca, in which case

(2.1) kee([TF) = (B2 ([) (ker fu))),

a€A

(2.2) VacA:fo = ([[F)oma)

fo x f1 standing for ([] f), whenever A = 2.

An X € Y C p(A) is said to be [K-meet-irreducible/mazimal in Y [where
K C ool/, if VZ € (o3 (Y) + (A/X)Nn(NZ) = X) = (X € Z) with
their set denoted by (MI¥) /max)(Y), “finitely-" standing for “w-” within any
related context. Next, a U C p(A) is said to be upward-directed, if ¥8 € p,(U) :
T € (UNp(US,A)), subsets of p(A) closed under unions of upward directed
subsets being called inductive. Further, a [finitary] closure operator over A is
any unary operation on p(A) with VX € p(A4),VY € p(X) : (X UC(C(X)) U
C(Y)) CC(X)[= (UClpw(X)])]. Finally, a closure system over A is any C C p(A)
containing A and closed under intersections of subsets containing A, any B C C
with € = {AN(N8) | 8 C B} being called a (closure) basis of € and determining
the closure operator Cz = {(Z, AN (N(XNp(Z,A)))) | Z € p(A)} over A with
(img C'z) = €. Conversely, img C' is a closure system over A such that Cimgc = C,
being inductive iff C' is finitary, and forming a complete lattice under the partial
ordering by inclusion with meet/join (A, 4)/C)(AN((N/UJ)8)) of any 8§ C (img C),
C and img C' being called dual to one another.

Remark 2.1. Due to Zorn Lemma, according to which any non-empty inductive set
has a maximal element, M I¥] () is a basis of any inductive closure system €. O
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A filter/ideal on A is any F C p(A) such that, for all § € p,(p(A)), (8§ C
F) < (An((N/WU)8)) € F) “the set Fi(A) of them being an inductive closure
system over p(A) with dual closure operator (of filter generation) Fg, such that
Fg.(8) = p(AN(NS),A)”/. Then, an ultra-filter on A is any filter U on A such
that ©(A) \ U is an ideal on A.

2.2. Algebraic background. Unless otherwise specified, we deal with a fixed but
arbitrary finitary functional signature ¥, 3-algebras/ “their carriers” being denoted
by same capital Fraktur/Italic letters (with same indices, if any) “with denoting
their class by Ay” /. Given any a € (00\ 1), let Tm$: be the carrier of the absolutely-
free Y-algebra Tm$:, freely-generated by the set V,, £ {25} geq of (first ) variables,
and Bqg 2 (Tm3)?, ¢ ~ /(S | 2), where ¢, € Tm /“and Ty £ {A,V} 3 A €
7, meaning (¢/(¢p A1), ¥/ (p|1)) “and being called a X-equation of rank « with
denoting the set of variables actually occurring in it by Var(¢ =~ ¢) € 0, (Vy)"/.
/“Likewise, for any Y-algebra 2 and a,b € A, (a(< | =)%b)||[a,b]a stands for
(alb) = (a A% ) [{c € A | a < ¢ < b} Then, any (T, ¥) € (/1100 (EG2) X
Eq$) /“with a € w” is called a X-implication/- [quasi-]identity of rank «, written as
I' — ¥ /[and identified with U] as well as treated as the universal infinitary/first-
order /[positive| strict Horn sentence Vgeqzg((AT) — T).

Subclasses of Ay, closed under I/S/ PVISP) are referred to as abstract/hereditary/
[ultra-|sub-]multiplicative (cf. [11]). Given a K C Ag 3 2 and a K C oo, set
Kk £ {8 € K| |B| € K}, hom(%,K) £ (J{hom(,B) | B € K} and Cox () £
{6 € Co(A) | (A/0) € K}, whose elements are called K-(relative )congruences of 2,
in which case, by the Homomorphism Theorem:

(2.3) ker[hom (2L, K)] = Corgk ().
Furthermore, for any set I, any B € AL and any & € ([]

(2.4) (IT7) € hom(, [ B)
il

Remark 2.2. As, for any 20 € Ay, by the Homomorphism Theorem, VO C Co(2l) :
6 = (A2N(NO)) € CoA),h® & <1/9_1 ovg)gco € ([[ycohom(A/0,2/6),h =
([11°) € hom(2/0, [[yco(R/0)), (kerh) = Ay/9,¥9 € © : my[h[A/0]] = (A/Y),
in view of (2.1), (2.2) and (2.4), while VI € T,v8B € AL v§ € Co(2),Vh €
hom(A/60, [[;c; B:) : (((kerh) = An/p)&(Vi € I : m[h[A)0]] = B;)) = (Vi € I :
0; = ker((vgoh)om;) € Co(), h; £ (v; "o ((vgoh)om;)) € hom(A/0;,B;), (ker h;) =
AA/gl,hz[A/oz] = Bz)&(ﬁ = (A2 n (miel 91)))), COK(Ql), where K g AE, being
a basis of the closure system Coypsok(2) over A%, if K is abstract, is a clo-
sure system over A? iff K is both abstract and sub-multiplicative, and, by (2.3)
and the bijectivity of va, € hom(2,2/A,), A € ISPK(= IPSP[ISK) iff (A2 N
(N ker[hom(2(, K)])) = A4. O

ey hom(2A,B;)):

Thus, [providing a K C Ay is both abstract and sub-multiplicative] the closure
operator (of [K-Jcongruence generation) over A? dual to the closure system Cojy (%)
over A? is denoted by Cgﬁ[(].

According to [20], pre-varieties are abstract hereditary multiplicative subclasses
of Ay, (these are exactly model classes of theories constituted by 3-implications of
unlimited rank, and so are said to be implicative/implicational; cf., e.g., [3]/[14])),
ISPK = IPSPSK being the least one including and so called generated by a K C As..
Then, [quasi-varieties are [ultra-multiplicative] pre-varieties closed under HI[£ T
(these are exactly model classes of sets of X-[quasi-]identities of unlimited finite
rank, and so are said to be [quasi-Jequational; cf., e.g., [11]), HUSP[PV|K being
the least one including and so called generated by a K C Ax. In particular, given
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a quasi-variety Q C Ay 3 2 axiomatized by a set Q of X-quasi-identities of finite
rank and a 6 € Co(2), hom(Zms, A) = {hovy | h € hom(Tms,2A/0)}, in which
case 6 is Q-relative iff VA € hom(Tms,A), V(I — @) € Q: (ha[I] C 0) = (h2(D)),
and so Coq(2) is inductive, for Coq(2) is so, as ¥ is finitary.

Given a [pre-]variety P C Ay, an A € P is called [P-{relatively }]simple/ (K —)su-
bdirectly-irreducible (where K C o), if Ay € (max /MI¥))(Copy () \ ({42}/2)),
in which case |A| # 1, the class of them being denoted by (Si/SI<K>)[p](P).
Then, P is said to be [relatively] (K—)semi-simple/subdirectly-representable, if
(SIE;]Q(P)/P) Cl= (Si[p](P)/IPSD SI[<FI,]<>(P)). Likewise, it is said to be [relatively]
{(sub)directly} congruence-distributive, if, for each % € (P{NP ) SIjp;(P)}), Coppy
(1) is distributive.

Lemma 2.3. Let A,B € Ag[2 K D ((IS)/I)K] and h € hom(A,B) /“with
h[A] = B”. Then, (h2),'1 Co)(B) /“and (ha),1(Cop(2) N p(ker h, A*))” is/are
a/ homomorphism/ “inverse to one another isomorphisms” from/between the poset
Cok)(B) to/and that Coy(A) N p(ker h, A?) under the partial ordering by C.

Proof. The []-non-optional part is well-known. [Then, for any 8 € Co(B), g
(h o vp) € hom(A,B/0) /“with g[A] = (B/)”, while ¥ £ (kerg) = hy'[0]
(Co(2A) N p(ker h, A%)), in which case, by the Homomorphism Theorem, v, o g is
an embedding/isomorphism from 24 /¥ into/onto B/6, and so (¥ € Cox(A)) « / &
(0 € Cok(B)), as required.] O

m >

This immediately yields:

Corollary 2.4. For any [pre-Jvariety P C Ay, (SIH) | Si)py(P) is abstract (where
K C ).

Corollary 2.5. Any [quasi-Jvariety Q is [relatively] ( K -)subdirectly representable
(where K C o). In particular, it is [relatively] subdirectly congruence-distributive
iff it is [relatively] congruence-distributive.

Proof. For any 2 € Q, by Lemma 2.3, MI(K)(CO[Q] (A) = COSI(m(Q)(Ql)7 the for-
Qi

mer/latter being a basis of Coq(2)/ Cojpsp SIU) ( (), in view of Remark 2.1/%2.2
[l

Q)
and Corollary 2.4”, in which case these are equal, and so 2 € IPSP SI&)(Q), for
va, € hom(A,2A/A4) is bijective. Then, Lemma 2.3 completes the argument. [

Corollary 2.6. Let 2,8 € Ag[2 K 2 IPSPK] and h € hom(2, B) with h[A] = B.
Then, for all X C A%, Cgfiq(X U (ker b)) = hy ' [Cefig; (ha[X])].

Proof. By Lemma 2.3, we have:
hy ' [Cefi (ha[X)] = by '[B* 0 ({6 € Co(B) | ha[X] C 6})] =
(hy '[BZ1 0 (({hy 6] 6 € Cop)(%B), X C hy'[6]}) =
(A% N ({9 € Copq(B) | (X U (kerh)) C 0})) = Cgfig (X U (kerh)). O
2.2.1. Filtral congruences. Let I be a set, F a{n ultra-}Hilter on I [Q C Ay a quasi-
variety] and 2 € (Ax[NQ])! as well as B a subalgebra of its direct product. Then,

by Lemma 2.3, for each i € I, (B?> N (kerm;)) = ((m; [B)z_l[AAi] € Coiq(B), as
(mi[B) € hom(B,2;) and Aa, € Coq(2;), in which case, for all K € J C I,

A

the closure system Coyqg)(®B) on B? contains 67 £ (B2 N E;l[p(J, n) = (BN
(Njeskerm;)) C 0%, ©F £ {98 | L € F} being then upward-directed, and so
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Cojq)(B), being inductive, contains 0% £ ((JOF) = (B? N e; ' [F]), called (F-
N ultra-} filtral. Clearly, for any X C Fi(I) |“with (UX) € Fi(I)”,

(2.5) Oonan 1w = BN (I8 | F € x})).

A [quasi-|variety Q C Ay is said to be [relatively] { (sub)directly} filtral, if every [Q-
Jcongruence of each member of SP SIjq (Q){nPSP) SIiq)(Q)} is filtral {(cf. [5])}, in
which case, by Corollary 2.4, Q is [relatively] semi-simple, because any € € SIjq(Q)

is isomorphic to ® = ¢! while Fi(1) = {1,2}, whereas 0 = Ap # D? = 0%, for
|D| = |C| # 1, and so Cojq(D) = {Ap, D?}, ie., ® is [Q-]simple, viz., € is so.
Lemma 2.7 (cf. [7] for the []()-non-optional case). Let Q be a [quasi-jvariety,
I aset,AcQ, B e S(IA) and 0 € MI(W)(CO[Q](%)). Suppose Coiq)(B) is
distributive. Then, there is an ultra-filter U on I such that 95 C 0.

Proof. By (2.5), S £ {F € Fi(I) | 62 C 6} is inductive, for Fi(I) is so, in which
case, by Zorn Lemma, it has a maximal element U, and so, for any X € p,(p(I))
such that Y £ (JX) € U, (XN U) # @, as, for each Z € X, 0F € Coq(B)
with U C Fz £ Fg,(UU {Z}) € Fi(I), while U = Fg;(U) = Fg,(UU {Y}) =
()N (({Fz | Z € X})), whereas, by (2.5), 6 = CgE’g](Q U o) = Cgfg] (U (BZn
(N{6F, | Z € X}))) = (B*N (ﬂ{Cg[%] (0UOF )| Z € X})), that is, for some Z € X,
0= Cg[%](ﬁ U 952) B) ng, ie., UC Ty €8, viz.,, Z € Fz = U, as required. O

This, by Lemma 2.3 and the Homomorphism Theorem {as well as [4, Corollary
2.3]}, yields:

Corollary 2.8. Let K be a {finite} class of {finite} S-algebras and P 2 HOSPK.
Suppose P is a [relatively] congruence-distributive [quasi-Jvariety. Then, SIE;;?(P) -
HOSPUK{C HWSK, in which case its members are finite, and so SIjp(P) =
Sliey(P)}-

2.2.2. Subdirect products versus subalgebras.

Lemma 2.9 (cf. [8]). Let 2 € As and B a subalgebra of 2. Then, h% = {(a,b) €
(A9 x B) | lw\ ew(@,w x {b})| € w} 2 (U{{{w x {b},0)} U{{((w\ {i}) x {b}) U
{(i,a)},b) | i € w,a € A} | b€ B}) is a function forming a subalgebra of A¥ x B,
in which case it is a surjective homomorphism from €8 £ (A« [(dom h)) onto B,
and so €8 is a subdirect product of w x {2A}.

Corollary 2.10. Let Q C Ay be a [relatively] subdirectly filtral [quasi-Jvariety.
Then, SIiq)(Q) UI(]] @) is hereditary.

Proof. Let A € (SIj(Q) UI(]]@)) and B a non-one-element subalgebra of 2, in
which case |A| # 1, and so, by Lemma 2.9, h = hE is a surjective homomorphism
from the subdirect product € £ €% of (w x {}) € SIjq(Q)* onto B. Consider
any 0 € (Cojq(B) \ {Ap}) and take any (a,b) € (¢ \ Ap) # @, in which case, by
Lemma 2.3, 9 £ hy'[0] € Coq)(€), while 6 = hy[0], whereas (¢|d) £ (w x {a|b}) €
h~1[{a|b}] C C, and so there is some F € Fi(w) such that (¢,d) € ¥ = 65, while,
asa # b, @ = £,(¢,d) € F, whereas T = p(w). Then, ¥ = C?, in which case
0 = h[C?] = B2, and so B € Sljq(Q), as required. O

3. PRELIMINARIES

3.1. Closure systems with disjunctive closure bases. Let A be a set, C a
closure operator over it, 6 : A2 — p(A) and VX, Y C A: 6(X,Y) = (US[X x Y]).
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Then, an X C A is said to be weakly/ 0-disjunctive, if Va,b € A : (({a,b} N X) #
@)=/ < (6(a,b) C X), in which case:

(1) WZep(d): (Y £X) = (ZCX) = /& (5(Y,2) C X)

/“the set of those in an 8§ C p(A) being denoted by 8”. Likewise, C' is said to be
weakly/ [multiply] §-disjunctive, if VX, Y € pr13[use)(4),VZ € p(A) : C(6(X,Y) U
Z)C/=(C(XUZ)NnC(YUZ)) /[in which case VXY, Z € (imgC) : (C(XUZ)N
CYu2z)=COX,Y)UZ)=CCUX,Y)HUZ)=Cc(C(X)nC(Y)uZz) =
C((XNY)UZ), and so img C is distributive].

Lemma 3.1. Let B C p(A)s. Then, Cp is multiply 6-disjunctive. In particular,
the closure system (img Cp) over A with basis B is distributive.

Proof. By (3.1), we have:

VXY, Z € p(A),Vace A: (ac (Ca(XUZ)NCp(Y UZ)))
S (WVWeB: (XCW)&(ZCW)) = (acW))

&(((Y SW)&(Z2 CW)) = (a € W)))
SWWeB:(XEW)= Y CW)&ZCW))= (acW))
S (VW eB: (0(X,)Y)CW)&(ZCW)) = (aeW))
< (aeC3(0(X,Y)UZ)). O

Lemma 3.2. Suppose C is weakly/ 0-disjunctive. Then,
(img C)s € / = (MI* (img C) U {A}).

Proof. Clearly, A € (img C) is U-disjunctive. Now, consider any X € MI¥(img C),
in which case, providing C is d-disjunctive, Va,b € A : (6(a,b) C X) & (X =
C(X)=0C@(a,b)UX) = (CHatuX)NC{b}UX))) & (X € {C({a}UX),C({b}U
X)}) < (({a,b} N X) # @), and so X is then U-disjunctive. Finally, consider any
Y € ((imgC)s \ {A}) and any 8 € g, (imgC) such that ¥ = (AN (N8S)). in
which case § # @, for Y # A. By induction on n £ [§| € w, let us prove that
Y € 8. For take any U € § # @, in which case T £ (8 \ {U}) € p.(imgC),
T =(n—-1)<n, Z=(AN(NT)) € (imgC) and Y = (UNZ), and so, if Y was not
in {U, Z} C p(Y, A), then there would be some (c|d) € (U|Z)\Y) # @, implying
Y #(UNZ), because Y 2 6(c,d) C C(6(¢,d)UY) C (C({c}UY)NCH{d}UY)) C
(CU)NC(Z)) =(UNZ). Hence, Y € {U, Z}, that is, either Y =U € Sor Y = Z,
in which case, by induction hypothesis, Y € §, and so, anyway, Y € 8. (]

This, by Remark 2.1 and Lemma 3.1, immediately yields:

Corollary 3.3. If C is both §-disjunctive and finitary, then (imgC)s is a basis
of img C, in which case C is multiply -disjunctive, and so img C' is distributive.

3.1.1. Application to relatively directly filtral quasi-varieties.

Lemma 3.4. Fg, is (U[p(A)?)-disjunctive, in which case the set of ultra-filters
on A is a basis of Fi(A), and so this is distributive.

Proof. Let X,Y,Z € p(A) D 8. If Z € Fg,({X UY} US), then there is some
T € pu(8) such that (XN(NT))U X N(NT))) =(XUY)n(NT)) € Z, in which
case (XN(NT))CZD(¥N(NT)),andso Z € (Fg,({XTUS)NFg, ,{Y}IUS).
Conversely, if Z € (Fg,({X}U8)NFg,({Y}US)), then there are some U, V € p,,(8)
such that (X N (NW)) € Z 2 (Y N(NV)), in which case W £ (UUV) € 0, (8),
while (XN (W) C Z 2 (YN(OW)), that is, Z 2 (XN(NW)U(Y Nn(OW))) =
(XUY)n(OW)), and so Z € Fg,({X UY}US). In this way, Corollary 3.3
completes the argument. O
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Corollary 3.5. Let I be a set, F,G € Fi(I) {and Q C Ax a [relatively] directly
filtral [quasi-Jvariety} as well as A € (As{NSIq(Q)}) \ I([]12))! with its direct
product B. Suppose F L G. Then, 0F ¢ 05 {in which case {{(H,05) | H €
Fi(I)} is an isomorphism from Fi(I) onto Coiq(B), and so Q is [relatively] directly
congruence-distributive}.

Proof. Take any J € (F\G) # @, a € ([[;c;4;) # @ and b € ([Lic(p (47 \
Ay,)) # @, in which case (¢]d) = (aU (mo|1(bi))ier) € B, while £7(¢,d) = J, and so

(¢,d) € (08 \ 0F). {Then, (2.5) and Lemma 3.4 complete the argument.} O
3.2. Abstract hereditary local subclasses of locally-finite quasi-varieties.
A quasi-variety is said to be locally-finite, if every finitely-generated member of it is
finite, any finitely-generated [quasi-]variety being locally-finite. Likewise, a class of
Y-algebras is said to be (finitely-)local, if it contains every 3-algebra, each finitely-
generated subalgebra of which is in the class, any quasi-variety being local. As an

immediate consequence of [18, Lemma 2.1}, in its turn, being that of [4, Corollary
2.3], we have:

Corollary 3.6. Any abstract hereditary local subclass of a locally-finite quasi-
variety is ultra-multiplicative.

Lemma 3.7. Let Q C As be a [quasi-Jvariety. Then, (Si|SIjg)(Q) UI(I[2)) is
local.

Proof. Consider any B € (Q\ ((Si|SIjg)(Q) UI(][9))), in which case there are
some a € (B?\ Ap) # @, n € (w|{1}) and 6 € (Coq(B) \ (img¥?))", where, for
any C C B, 9 & ((Ag)|(Ac, C?)), |“such that (B2 N (N(img#))) = Ag”, and
so some (0%9)IEP e (TPEMD ((6;\ 92) U (98 \ 6;))) # 2. Let A be the finitely-
generated subalgebra of B generated by {ag, a1} U {bZ’j |ien,je (1]2),k €2}, in
which case, by Lemma 2.3 with h = Ay, 77 £ (0; N A%);e, € (Copq)() \ (img 94))",
as (%1617 € (THE™ (i \ 91) U (91 \ mi))). and s0 2 € (Q\ ((Si[ STig)(Q) U
I(I]9))), for a € (A%2\ A4) |“and (A% N (N(img7n))) = (A2NAp) =A4". O

This immediately yields:
Corollary 3.8. Any locally-finite [relatively] semi-simple [quasi-Jvariety Q C As
with hereditary Sliq;(Q) UL(]@)) is [relatively] finitely semi-simple.
4. MAIN ISSUES

A [restricted] {quaternary} X-(equational )system/scheme of rank o € ((co[N5])
\ 4) is any U C Eq§; defining the [quantifier-free] formula ®§ £ (3¢ (a\0)23(A U))
with free variables in Vj, in which case, for all A,B € Ay, a € A* and h €
hom(%, B):

(4.1) (A = 5[zi/afica) = (B = O5lwi/h(ai)]iea),
and so, for any set I with [any sub]direct product ® of any € € AL:
(4.2) (D | g[wi/a]jea) & (Vi€ 4: € | D[a;/al]jeq)

for all (a)jeq € D*, as Vi € I : (m|D) € hom(D,¢;). Then, U is called an
implication system/scheme for a K C Ay, if this satisfies the ¥-implication:

(43) ({l’o ~ xl} U U) - (1’2 ~ (Eg).

[Likewise, it is called an identity|reflexive|symmetric|transitive one, if K satis-
fies the 3-implications of the form (&|@|0|(0 U (U[zeyi/xs+ilic2))) — ¥, where
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U € (O([zs/ma]|[r24i/Tilie][x3/ T2, x2/23]|[3/x4])), reflexive symmetric transi-
tive ones being called equivalence ones. Then, U is called a congruence one, if
it is an equivalence one, while, for each ¢ € ¥ of arity n € (w\ 1), K sat-
isfies the ¥-implications of the form (U, (Olza+i/@24it(2.5)lie2)) — ¥, where
U € (Olzogi/s((Tarit(2-))jen))ie2).] Given “a {quasi-}variety Q C Ax {(not
necessarily)} equal to”/ a K C Ay, a finite|[finite] X-scheme U of rank m €
((w[N{4}])|{4}) is called a [restricted]| “equationally definable principal {{Q—)rela-
tive} congruences ({(Q—)}/RJEDP{R}C)” /implicative|disjunctive scheme/system
Jor K, if V& € K,Va € A* : (V0 € (Cogqy(A)/{A4}) : ({ag,a1) € | & 0) =
((ag,a3) € 0)) < (A |= OFli/aies) (cf. [5]/[18][[17]) /“so for I{[[2} U
([S)PY)[(S[PY]))K)” “being an [identity] implication scheme for KN ((As{NQ})/
Ax)”|, [/“|quasi-|varieties|pre-varieties of” ||| “the class of” X-algebras [/“with |re-
latively | subdirectly-irreducibles” | “generated by subclasses”]||“in a C C Ag” with
/[ [restricted|finite]]|| “{Q-}[R]JEDP{R}C scheme” / “implicative|disjunctive system”
U being “/called”||denoted /“[ [restricted|finitely]] O-implicative|-disjunctive” || “by

U/ 9
Crayn’™

4.1. Disjunctive pre-varieties. Given any restricted ¥-equational system U and
any 2 € Ay, we have U% : (42)2 — p(A42),(a,b) — {(¢*[xi/ai, v2yi/bilica, V*[7i/
ai, Tayi/bilica) | (¢ =~ ) € B}. Then, any 0 € (Co(A)[N{A4}]) is U*-disjunctive iff
A/0 [viz., A € I(A/0), for vy € hom(2A,A/0) is injective] is U-disjunctive, in which
case, for any ¥ € (Co() Np(d, A%))[= Co(A)], the X-identities in |J;cy(Olz(2.5)41/
x2.5]), being true in A/6, are so in (A/V) € H(A/H), as, by the Homomorphism
Theorem, (v ov, ') € hom(A/0,2A/3), i.e., ¥ is weakly U¥-disjunctive [and so is
Cgm]. In this way, by Lemmas 2.3, 3.1, 3.2 and Remark 2.2, we, first, get:

Lemma 4.1. Let U C Eqy. Then, any U-disjunctive [pre-Jvariety P C As,
being generated by Py C ISPy C Py, s equal to IPSPPy, in which case it is
[relatively both] congruence-distributive [and finitely-subdirectly-representable] with
Ps = (SIip(P) UI(I[9)), and so Slip)(P) = (Ps \ I([[9)). In particular, any
/finite U-disjunctive A € Ay, is finitely/ subdirectly-irreducible.

Theorem 4.2. Any [pre-Jvariety P C Ay is disjunctive iff it is [relatively both]

congruence-distributive [and finitely-subdirectly-representable] with Slip;(P)UI(]] @)
being “a universal (infinitary) model class” /hereditary.

Proof. The “only if” part is by Lemma 4.1. Conversely, assume P is [relatively
both] congruence-distributive [and finitely-subdirectly-representable] with hered-
itary Sl (P) UI([[9), in which case, by Corollary 2.5, it is [relatively] finitely-
subdirectly-representable, while, by Lemma 2.3, Cop (Tmy)Np(0, Eqs), where § 2
(Eqs N(N COSIﬁ)](p)(Sm%))) € Copp (Tmy,), is distributive, for Copp) (Tmy/0) is so.
4
LetVj€2:9; £ Cg[TpTE(e U{(x24,2(2.4)41)}) € (Cop(Tmy) N (0, Eqy,)) 3 U £
(9oN¥1) C Eqs. Consider any 2A € SIipy(P) and any a € A*. Let h € hom(Tms,, 2A)
extend {(z;,a;) | i € 4}, in which case B £ (A[(imgh)) € (SIfp (P) U I(]] 9)),
and so (({(ao,a1), (a2, a3)} N Aa) # @) &l (A |= $F[A[Va]), unless B € STip (P).

Otherwise, by Lemma 2.3, Corollary 2.4 and the Homomorphism Theorem, 6 C
n 2 (ker h) € MI(Cojp)(Tmy;)), in which case we have:

(@ BARIVA)) & (99 N191) = B C ) & (= CESE (U (9 N91) =
: mt . :
(Cgp™(U) N Cgpr®(nUth)) & (3j €2 = Cegp > (nUV;)) <
(3] €2: 19j - 77) = (E'j €2: <$2.j,$(2.j)+1> S 77) = (3] €2: agz.; = a(g.j)+1),
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and so U is a disjunctive system for SIip)(P). Thus, P, being [relatively] finitely-
subdirectly-representable, is U-disjunctive, as required. (I

This, by Corollary 2.5 and Lemma 4.1 (as well as the Compactness Theorem for
ultra-multiplicative classes; cf., e.g., [11]), immediately yields:

Corollary 4.3. Any [quasi-Jvariety Q C Ay, is (finitely) disjunctive iff it is [rela-
tively] congruence-distributive with Sliq;(Q)UL([[ @) being “a universal (first-order)
model class”/ “hereditary (and ultra-multiplicative)”.

This, in its turn, by Corollaries 2.4, 3.6 and Lemma 3.7, immediately yields:

Corollary 4.4. Any locally-finite [quasi-Jvariety Q C Ax is (finitely) disjunctive
iff it is [relatively] congruence-distributive with Slig (Q)UL([] @) being “a universal
model class” /hereditary.

Finally, this, by the congruence-distributivity of lattice expansions (cf. [12]) and
Corollary 2.8, immediately yields:

Corollary 4.5. Suppose ¥ C X. Then, any finitely-generated variety V C Ay of
lattice expansions with hereditary SI) (V) UL([] @) is finitely disjunctive.

This provides an immediate (though far from being constructive) insight into
the finite disjunctivity of the finitely-generated variety of distributive/Stone|“De
Morgan” lattices/algebras|algebras||lattices, a constructive one being given by [16,
Example 1/2] and [17, Lemma 11].

4.2. Implication systems versus EDPC.

Lemma 4.6. Let U be a finite ¥-system of rank m € (w\4), Q C As a quasi-
variety, A € As, and a,b € A2, Suppose U is an implication system for Q such that
A ': @’g[xi/ai,xgﬂ/bi]ieg, Then, b € 04 ng({é})

Proof. As, by (4.1), we have (A/0) = ®F[z;/vo(a;),xoyi/vo(bi)]ic2, for vy €
hom (2, 24/6), while Q > (2/0) satisfies (4.3), and a € § = (kervy), wegeta € . O

This, by (4.1) {and (4.2)} as well as Corollary 2.6, immediately yields:

Corollary 4.7. Let U be a finite [restricted] Y-equational system and Q C Ay a
(quasi- Jvariety. {Suppose U is an implication system for Q.} Then, Q?Q) 18 abstract
{and [sub-]multiplicative}.

Theorem 4.8. Any U € p,(Eqs.) is an REDPC scheme for a variety V C As iff
it is an identity congruence implication one.

Proof. The “only if” part is immediate. Conversely, if U is an identity congruence
implication scheme for V, then, by induction on construction of any ¢ € Tms, we
conclude that V satisfies the X-identities in Ulxa1;/(@[xo/2;])]ic2, in which case, by
Mal’cev Lemma [10] (cf. [5, Lemma 2.1]), for any A € V, @ € A2 and b € Cg*({a}),
we have 2 |= ®[z;/a;, v24i/bi]ic2, and so Lemma 4.6 completes the argument. [

4.3. Implicative quasi-varieties.

Lemma 4.9. Let U be a finite S-equational system of rank m € (w\ 4) and Q a
[quasi-Jvariety (with implication system U). Then, (Qu =)((Siq(Q) UI(J]2)) N
Qu) = ((Sig(QUI(J]2))N Q%]). In particular, Q is [relatively] semi-simple with
Qv = (Sijq)(Q) UI(]]2)), whenever it is G-implicative.
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Proof. Consider any 2 € Q. If it is [Q-]simple|one-element, Cojq)(A) C {A4, A%},
implying Va € A* : (V0 € Coiq(A) : (ao 0 a1) = (a2 0 a3)) & ((ap = a1) =
(a2 = a3)), as (az,a3) € A% so (A € Q) & (A € Q%]). (Now, assume 2 is
U-implicative. Consider any 6 € (Coyq)(A) \ {A4}) and take any a € (0\ Aa) # 2,
implying Vas,as € A : A = ®F[xi/ai]ica, so, as (4.3) is true in each member of
Q > (A/0) = P [xi/ve(ai)]ica, by (4.1), since vy € hom(A,A/0), (as,as) is in
0 = (kervy), for a is so. Thus, §# = A2.) So, Corollary 2.5 ends the proof. O

This, by Corollaries 2.5 and 4.7, immediately yields:

Corollary 4.10. Let U be a (restricted) X-system. Then, a [quasi-Jvariety is U-
implicative if(f) it is [relatively] semi-simple with (R)EDP[R]C scheme U.

Corollary 4.11. Let Q C Ay be a [quasi-Jvariety and U € p,(Eqy). Then, Q
is restricted U-implicative iff it is the quasi-/pre-variety generated by a subclass
with restricted implicative system U, in which case it is finitely disjunctive, and so
[relatively] both congruence-distributive and finitely-semi-simple.

Proof. The “only-if” part is by Corollary 2.5. Conversely, assume Q = ISPPUK,
for some K C Qgs, in which case U, being finite, is an implication system for Q, while
K'2£ PUK C PUQy C Qus, and so Q is the pre-variety generated by K/ C Q5. Then,
by [18, Remark 2.4], K’ has a finite disjunctive system, in which case Q is finitely
disjunctive, and so, by Lemma 4.1, is [relatively| congruence-distributive. Hence,
by Corollary 2.8 and Lemma 4.9, SIit)(Q) € (ISPUK'\ I([T@)) € (ISPYQs \

I(T[2)) € (Qu \I(I]9)) C Sijq(Q), as required. O

This, in particular, means that the notion of restricted implicative quasi-variety
adopted here is equivalent to that of implicative quasi-variety adopted in [18].

Lemma 4.12. Let U be a finite [restricted] X-equational system of rank m € w,
Q C Ax a [restricted] U-implicative quasi-variety and I € Y with [a sub]direct
product B of an A € SIq(Q)!. Then, for any © € ., (B?), Cg("?(@) = 95‘?9, where
Fo £ p(lo,I) and Ie 2 (IN(N;e ;' [O)).

Proof. By induction on |0). If ® = &, then Ig = I, in which case Fo = {I},
and so Cgg(0) = = 05, . Otherwise, take any (a,b) € ©, in which case
= (9 \ {(@,b)}) € w(BZ) with |Z| < |©], and so, by induction hypothesis,
02 CgB(E) = 62 = (BN (Niew kerm)) = (B2 0 (Nhes (mi)y ) with 77 €
(I'Lics Coq(A;)) given by Vi € (I=|(1 \I—)) 2 ( 2). Then, for each i € I,
g; = ((m;]B) ovy,) € hom (B, ¢; ) with €; = (Ql/nl) € QQ, in view of Lemma 4.9, in
which case, by Lemma 2.3, 9; 2 (kerg;) = (B2 N (m;); ' [ni]) € Co(B), and so 6 =
(BQH(ﬂiGI 9;)). Therefore, § C 49;, in which case, by the Homomorphism Theorem,
fi 2 (vy "ogi) € hom(B/6, ;) with g; = (vgo f;), and so ((B/0)N (¢, (ker f;))) =
Apjg. Hence, e : (B/0) — ([[;c; Ci), b (fi(b))ier is an embedding of %B/6 into
¢ £ ([[,e; €) with Vi € I : f; = (e om;), and so an isomorphism from % /6 onto
D £ (€le[B/0]) with

(4.4) Viel:g =(hom),

where h £ (vg o e) € hom(B,D) with h[B] = D and (kerh) = (kervy) = 0,
for e is injective. Next, for every i € I, m;[B] = A;, in which case, by (4.4),
m| D] = m[h[B]] = ¢:[B] = vy, [m[B]] = Ci, and so ® is a subdirect product
of € £ (€;)ic;. Moreover, if B = ([],c; Ai), then, for each ¢ € E and every
i € I, there is some a; € A; with v,,(a;) = ¢;, in which case @ £ (a;)ic; €
B with D = h[B] > h(a) = ¢, in view of (44), and so D = E. Then, by

> >
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Corollaries 2.5 and 4.7, ® € QS D (img¢), in which case, as, by (4.2, 4.4),
for all ¢,d € D, we have (D = @g[zg/h(d),xl/h(l_)),xg/é,xg/c?]) < (Vi € I
¢ = O 20 /v, (ai) w1 /v, (0:), w2/ ei, w3/ di)), we get Cgg ({(h(a), h(b))}) = (D
(Mier (wi)gl[ng"(@m (ai), vy, (b:)))])), and so, applying Corollary 2.6 twice and
taking (4.4) into account, we eventually get:

Ca2 (0) = Cad (ker h) U {{a,B)}) = hy '[Cad ({{(h(@), h(b))})] =
(B0 ()., 13 1m); ' [C8§ (), v, )] =
(B2 0 (N, ()3 [(70.); ' 1O (v, 00), i, G))ID) =
(B0 (), (m1)3 ' [Cal (U Co2 ({{as, b)) =
(B0 (), kerm)) = 0%,

because, for all ¢ € T, (Cg%%{(ai,bi)}) = (Aa,|A2)) & (a; = | # b;), since, by
Lemma 4.9, A; € Siq(Q). O

Corollary 4.13. Let U be a finite [restricted] Y-equational system, Q C Ax a
[restricted] G-implicative quasi-variety and I € Y with [a subdirect product B of
an A € SIg(Q)!. Then, for any = C B?, Cg%( ) = 03 , where Tz 2 Fg;(7[2)]).
In particular, Q is relatively [sub]directly filtral.

Proof. As ng is finitary, (ng ==U ng [pw(E)]). Likewise, as Fg; is finitary,
Fgr(er[E]) = (UFg;lpu(er[E)]) = (U{Fg(e:0]) | © € pu(E)}) = (U{p(le, 1) |

O € p,(E)}). In this way, (2.5) and Lemma 4.12 complete the argument. O

Lemma 4.14. Let o/ € (co\w) and Q a relatively (sub)directly filtral quasi-variety.
Then, SIQ(Q)(ar+1)(Uss) has a (restm'cted) implicative system.

Proof. Let a £ (a/(N4)), Vi € I £ {0 € COSIQ y(Fmg) | (zo 0 x1) = (22 0
z3)} : B; = (Tm§/i) € SIg(Q), Vj € 4: a; £ <VZ<:EJ)>Z€], ¢ the subalgebra of
F 2 (ILic; B:) generated by Ay £ {a; | j € 4} and ® £ (F[(F(NE))), in which
case (for each i € I, as B; is generated by v;[Vy] = m;[A4], we have m;[D] = B;,
and so) 3F € Fi(I) : Coq(D) > 9 £ Cgg ({(ag,a1)}) = 62. Then, as (ag,a1) € V,
ie., er(az,a3) D er(ag,a1) € F, we get e7(az, a3) € F, that is, (ag,a3) € J. Let v =
(WU|F\E|) 2 wand 3 £ (y(N4)), in which case |y\4| = |y| 2 |F\ E|, and so there is
a surjection from Vz\V; onto D\ E to be extended to a surjective h € hom(img, D)
including {(z;,a;) | j € 4}. Consider any 2 € Q and any g € hom(fm’g,ﬂ)
with (kerh) C (kerg) > (xo, 1), in which case, by the Homomorphism Theorem,
f 2 (h'og) € hom(®,2), and so, by Lemma 2.3, {(ag,a;) € (ker f) = f{l[AA] €
Coq(®), for g = (ho f) and Ay € Coq(), as va, € hom(A,A/A4) is bijective.
Then, {as,a3) € ¥ C (ker f), in which case g(z2) = f(h(z2)) = f(a2) = f(a3) =
f(h(z3)) = g(x3), and so Q = (kerh) is an implication system for Q of rank 3
such that ® = (A Q)[h[Vg], for Q C (ker h). Hence, by the Compactness Theorem
for ultra-multiplicative classes (cf., e.g. [11]), some E € p,, () is an implication
system for Q of rank § such that © = (A Z)[h|Vjs], for = C (ker h), in which case

2 ((UVar[Z]) \ V4) is finite, and so there is a bijection ¢ from V onto Vj, \ Vi,
where m £ (|V]| +4) € (w\4). Thus, U £ (E[0]) € p.(Eq¥) is an implication
system for Q such that ® = (A)[(c™' U Ay,) o h], so D | ®F[x,/an]nes. Now,
consider any € € SIg(Q)(a/4+1)(Uso) and any ¢ € C*, in which case (4.3) is true in
¢, and so (cp = ¢1) = (c2 = c3), whenever € |= &} [z;/c;];ca. Conversely, assume
(co = ¢1) = (c2 = c3). Let & be the subalgebra of € generated by {c; | i € 4}
and H 2 (€[(C(NG))) € (SIg(Q)(UI(]]2))) (in view of Lemma 2.10, in which
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case € |= ®F'[x;/c;)ica, whenever |H| = 1. Otherwise, $) € SIq(Q).) Then, since
o' \4]| = |&/| D |H\ G, there is a surjection from V,, \ V; onto H \ G to be extended
to a surjective e € hom(Tmg, H) including {(z;,¢;) | j € 4}, in which case, by
the Homomorphism Theorem, (v, ' o €) € hom(Tmg/n, ), where n £ (kere), is
bijective, and so, by Corollary 2.4, n € I. Therefore, by (4.1), $ = @7 [2:/c¢ilica, for
{{ai,ci) | i € 4} C ((my[D) o (v, 0e)) € hom(D, H), so € |= OF[x;/cilies- In this
way, U is a (restricted) implicative system for SIq(Q)(a/+1)(Usc), as required. [0
Lemma 4.15. Any class K of X-algebras has an implicative system, if, for each
a € (0o \w), Koy does so.

Proof. Suppose, for every U € E £ p,(Eq%), Kis £ (K\ Kis) # @, in which
case @ # Cp = {|A| | % € K5} C o0, and so a5 = ((Cps) € C. Then,
a2 (UHw}U{as | U € EY})) € (00 \w), for E is a set, in which case, for each
UekE, (Cosn(as+1))2as Ca,and so @ # (K)ap+1 € Kas1, as required. [

Lemmas 4.14 and 4.15 immediately yield:

Corollary 4.16. Any [relatively] (sub)directly filtral [quasi-]variety Q is (restricted)
implicative.

Lemma 4.17. Let Q C Ay be a [quasi-Jvariety, I € T, A € Sijq(Q)’, @ £ ([),
B € (S){D} and 6 € (Coiq(B) \ {B?}). Suppose Sijq(Q) UL(]@) is ultra-
multiplicative (and hereditary) {while Cojq)(B) is distributive}. Then, 0 is maximal
in Coyq)(B) \ {B?} if {f} it is ultra-filtral. In particular, all elements of Coq)(B)
are filtral, whenever Q is [relatively] both semi-simple and (sub)directly congruence-
distributive.

Proof. First, assume 6 = 605, for some ultra-filter U on I, in which case ¢ £
(@/0{?) c PUY Siq(Q) (while h £ (Ago 1/95) € hom(B, €), whereas (kerh) =
(AB);[@{f] = ), and so (by the Homomorphism Theorem and Corollary 2.4), as
0~ B2, (B/6) € (19)P" (Sig (Q) UL(I]2)) \ I[12)) < ((Sifg/(Q) UI([[2)) \
I([T@)) = Siq)(Q). Then, by Lemma 2.3, § € max(Coq)(B) \ {B?}). {Conversely,
assume 6 € max(Cojq)(B) \ {B?*}) € MI(Coq(B)), in which case, by Lemma 2.7,
there is some ultra-filter U on I such that, as 6 # B2, (Cojq(B) \ {B?}) 3 6§ C 0,
and so, by the “if” part, § = 6f.} Finally, the inductivity of Coyq)(®8), Remark 2.1,
Lemma 2.3 and (2.5) (as well as Corollary 2.5) complete the argument. O

Then, by Corollaries 3.5, 4.11, 4.10, 4.13, 4.16 and Lemma 4.17, we eventually
get:

Theorem 4.18. A [quasi-Jvariety Q C Ay is (restricted) implicative iff it is
[relatively] (sub)directly filtral (iff it is [relatively] filtral) iff it is [relatively] both
({finitely-} )semi-simple and (sub)directly distributive with Sijq)(Q)' UL(] @) being
“a (universal) first-order model class”/“ultra-multiplicative (and hereditary)” if(f)
it is [relatively] ({finitely-})semi-simple with an (R)EDP[R]C scheme.

This, by Corollaries 2.4, 3.6 and Lemma 3.7, immediately yields:

Corollary 4.19. Any locally-finite [quasi-]variety Q C Ay is restricted implica-
tive iff it is [relatively] both congruence-distributive and (finitely-)semi-simple with
Sijq(Q) UI([] @) being “a universal model class”/hereditary.

Likewise, by Corollaries 4.3, 4.11 and Theorem 4.18, we immediately get:

Corollary 4.20. A [quasi-Jvariety Q C Ay, is restricted implicative iff it is finitely
disjunctive and [relatively] finitely-semi-simple.
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This, in its turn, by Corollaries 3.8 and 4.4, immediately yields:

Corollary 4.21. A locally-finite [quasi-Jvariety Q C Ay is restricted implicative
iff it is (finitely) disjunctive and [relatively] {finitely-}semi-simple.

Finally, by the congruence-distributivity of lattice expansions (cf. [12]), Corol-
laries 2.4, 2.8, 4.19, 4.21 and Lemma 4.9, we immediately get:

Corollary 4.22. Suppose ¥ C X. Then, any locally-finite variety V C Ag
of lattice expansions is semi-simple [“and (finitely) disjunctive”| “with hereditary
(Si|SDH(V)UI(J]@)”] iflf] it is [restricted] implicative.

Corollary 4.23. Suppose X C X, K C Ax a finite set of finite lattice expansions
without non-simple non-one-element subalgebras and V the variety generated by K.
Then, V is restricted implicative with (Si|SI)(V) = (ISK\ I(]]9)).

These provide an immediate /{though far from being constructive} insight into
the not/restricted implicativity of (and so not/ REDPC for; cf. Corollary 4.10)
the not/ semi-simple finitely-generated variety of Stone/distributive|“De Morgan”
algebras/lattices|algebras||lattices /(cf. [6]][19]]|) /“a constructive one being given
below”. Before, note that the stipulations of “relative ([sub]direct) congruence-
distributivity” /“{finite} disjunctivity”/“lattice expanding” cannot be omitted in
the formulations of Corollaries 4.3, 4.4, 4.5, 4.19, 4.20, 4.21, 4.22, 4.23 as well as
Theorems 4.2 and 4.18, in view of:

Example 4.24. Let ¥ = {A} and SL the variety of semi-lattices, in which case,
for any filter F # A of any 2 € SL, x4 is a surjective homomorphism from 2
onto Gy € SL with S, 2 2 and A% £ (N]22), and so, by Remark 2.2, SL =
IPSPs,. Now, assume |A| > 2, in which case, providing 2 is a chain, for any
a € A3 with |imga| = 3 such that ag <Ma <Payandi €2, Ay £ 0; &
(Jaisai1)3 U Aa) = Cg({{ai,ait1)}) € Co(2A), while (§p N 0;) = Ay, and so
2 is not finitely-sibdirectly-irreducible. Otherwise, take any b € A2 such that
¢ £ (bg A*by) ¢ (imgb), in which case, for each j € 2, 9; £ ((U{[cA® d,b; A* d]3 |
d € A})UA4) 2 Ay is symmetric and forms a subalgebra of 2%, and so the
transitive closure 7; = Cg™({(c,b;)}) D ¥, of ¥, is a congruence of 2 distinct from
A 4. By contradiction, prove that (noNn1) € Aa. For suppose (noNn1) € Aa. Take
any € € ((noN 1) \ Aa) # &, in which case, for all k,1 € 2, (ex,e1_) € (6, \ An),
that is, there are some m; € w, f' € A™%2 and g' € A™*! such that f} = e,
fhig1 = e1—x and, for every n € (my + 1), ffl[ﬂ] € [e A* gb by A® glla, and so

er, <% ¢, when taking n = 0, because {I,1—1} = 2, while ¢}, = fél(l_l) <t (b”(l_l)/\21

gél(l_l)) < by)(1-1)- By induction on any ¢ € (m; + 2), show that e, <* f}. The
case £ = 0 is by the equality e, = fJ. Otherwise, (m; +2) > ({ —1) < ¢, in
which case, by induction hypothesis, we have ¢ >% e, <* f} | <* (A% gl ) <*
gfz_l, and so we get e, <* (c A% gé_l) <2 f,f. In particular, e, <* ej_j, when
taking £ = (m; + 1), since 7lnz+1 = ej_k. Then, ey = ey, in which case this
contradiction shows that (9 N 1) = A4, and so 2 is not finitely-sibdirectly-
irreducible. Thus, by Lemma 2.3 as well as the simplicity of two-element algebras
and absence of their proper non-one-element subalgebras, (SI“)|Si)(SL) = I&,
is the class of two-element semi-lattices, that is, the universal first-order model
subclass of SL relatively axiomatized by the single universal first-order sentence
Viesz,((x2 = x1) V (2 = x9) V (z1 = x0)), while SL, being finitely-semi-simple
and finitely-generated, is semi-simple and locally-finite. On the other hand, since
Fi(2) = {p(N,2) | N C 2}, the set {Ag,(22)?} U {ker(m,]2%) | 7 € 2} of filtral
congruences of &3 does not contain its congruence Ay U{{(0,k), (0,1 — k)) | k € 2},
in which case, by Theorem 4.18, SL, not being directly filtral, is not {restricted}
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implicative, and so is not [(sub)directly| congruence-distributive |in particular, is
neither /finitely disjunctive, in view of Lemma 4.1, nor lattice expanding, in view of
the well-known congruence-distributivity of lattice expansions; cf., e.g., [12]]. O

Likewise, the variety of Stone algebras demonstrates the necessity of the stipula-
tion of relative [finite] semi-simplicity in the formulations of Corollaries 4.19, 4.20,
4.21, 4.22, 4.23 and Theorem 4.18 (cf. the next section).

4.3.1. Restricted implicativity versus equality determinants. Recall that a (logical)
Y-matriz is any pair A = (A, D) with its underlying Y-algebra 2 and its truth
predicate DA C A {in general, any Y-matrix/“its underlying algebra” are denoted
by same capital Calligraphic/Fraktur letter [with same indices, if any], its truth
predicate being denoted by the letter D with superscript denoting the - matrix},
in which case any S € p,,(Tmy) determines 34 : A — o(Q),a — {t € | 1*(a) €
DA}, and so is called a [joint] equality/identity determinant for|of a class M of X-
matrices, if V.A € M,Va,b € A: (VB € ({A}UM]) N7y [{2AY]) : 3B(a) = 3B(b)) =
(a = b), being then a joint one (cf. [16, 17, 18] for one-element M).

Here, it is supposed that ¥, C 3.

Given any g€ (Tmy)*, 1 € S € po(Tms), i € 2 and A € E C p(img @),
let €8s 2 (A {(ENA) % (51 A) 0 [eo/aa]), lw24)) S (V4 (B A) * (3 )\ A) o
[z0/21]), t(x3_5))) € Eqs, and Ui,a = {effali€2,0€SAEE} € p,(E as).

Lemma 4.25. Let M be a class of S-matrices, ¢ € (Tmg)*, Q 2 (img@), = C
©(Q) and S € p,(Tmy(NQ)). Suppose, for all A € M, {QA[A] C Z and} AT, isa
[distributive] lattice {while DA is a prime filter of it, whereas ¥ is a joint equality
determinant for M}. Then, U\y is an identity (reflexive) symmetric [transitive

{implication}] system for mo[M].

Proof. Clearly, for all j € 2, 1 € S and A € Z, there are some ¢, 1), £ € Tm3, such

that (e2A[zs/22]) = (9 A &) S (¥ VE)), in which case this is satisfied in lattice
3- expansmns, and so in mo[M]. (Likewise, there are then some 7, ¢ € (Tm%)*
with ((img7) N (img()) # @ such that (e ¢A[x2+l/xi]i62) = ((A+7) £ (V41)), in
which case this is satisfied in lattice ¥-expansions, and so in m9[M].) Furthermore,
(Ugg[xg/x;g,xg/xg]) = Og,a [Next, since the X -quasi-identity {(zo A 1) <
(x2 V x3), (T0o A3) S (2 Vg)} — ((mo Az1) S (w2 V x4)), being satisfied in
distributive lattices, is so in my[M], so are logical consequences of its substitutional
Y-instances (Ug’EU(Ug,E[$2+i/$3+i]ie2)) — U, where ¥ € (6575[1‘3/1‘4]). {Finally,
consider any A € M, a € A and b € (A?\ A,), in which case there are some k € 2,
t € Sand B e M With B = A such that (B(by) € DP F 1B(b1_x), and so, as

A2QB(a)e =, AW 590 “|wi/a, xati/bilica, for DB is a prime filter of A[X .} O

By the Prime Ideal Theorem, due to which V; is a joint equality determinant for
any class M of Y-matrices with underlying algebras, being lattice expansions, and
truth predicates, being exactly all prime filters of the ¥ -reducts of members of
mo[M], Lemma 4.25 immediately yields:

A

Corollary 4.26. Let K C Ay, ¢ € (Tmy)*, Q £ (img @) and S € pwg‘/l,Tmlz(ﬂ
Q)). Suppose, for all A € K, A[Xy is a [distributive] lattice. Then, Ug () 1S an
identity (reflexive) symmetric [transitive implication] system for mo[M].

This, in its turn, by Theorem 4.8, provides a practically immediate constructive
insight /proof into/to REDPC for varieties of distributive| “De Morgan” lattices| “al-
gebras||lattices”, originally being due to [6]|[19]. And what is more, by Lemma 4.9,
it immediately yields:
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Corollary 4.27. Let KC Ay, ¢ € (Tmg)*, Q 2 (img @) and S € g, (Vi, Tmy).
Suppose, for all A € K, AIX 4 is a distributive lattice, while US-@(Q) is an tmplica-
tive system for K. Then, members of IS<1K are simple.

Theorem 4.28. Let M be a class of Y-matrices, ¢ € (Tmy)*, Q £ (img@) and
EC | =p(Q). Suppose, for all A€ M, “DA[A] C = and”| A, is a distributive
lattice with set of its prime filters {DB | B € M,B = A}. Then, Q is an equality
determinant for M iff 6\@/1,5 is an implicative system for (IS(sq))mo[M] |([in which
case its members are simple]).

Proof. Let A € M, @ € A? and, for any b € A%, hy = [1;/a;,v21i/bilica. First,
assume ) is an equality determinant for M. Consider any b € A2. Assume 2 &
] "Lhgl, for some j € 2 and A € E, in which case, by the Prime Ideal Theorem,
EIB EM:B =AVEc2:A=05ay), so ap = a;. Moreover, by the Prime Ideal
Theorem, Vi is a joint equality determinant for M. Hence, by Lemma 4.25, Uf}l =
is an implicative system for 21. Conversely, assume 661,5 is an implicative system
for 2 and A £ Q4(ag) = Q4(a;). Take any b € (DA x (A\ DA)) # @, in which
case, as A € =, A} 50 “0[hg], for DA is a prime filter of AIX, and so ag = a;.
|([Finally, Corollary 4. 27 completes the argument.)) O

This, by Corollary 4.10, yields a new, quite transparent constructive proof/ins-
ight to/into REDPC for the [quasi-//pre-]|variety of “distributive lattices”|“De Mor-
gan algebras” (cf. [6]|[19]) generated by the |“diamond non-Boolean” one 2 with
carrier A = 212 and zero|lunit (0[|1)(0]|1,0[]1), when ¥ = (X, U (&]{~, L, T}))
[“with (12 0)-ary =2 (L,T)7, M = ({2} x ({{1}}{{{1, 1), (i,1=0)} | i € 2}),
@ = ((xo) * (F|(—x0))) and E = p(Q), as well as an immediate proof/insight to/into
the well-known simplicity of non-one-element subalgebras of %, in its turn, by Corol-
laries 2.5 and 2.8, implying the equationality of the quasi-//pre-variety generated
by .

5. STRONG MORGAN-STONE LATTICES VERSUS DISTRIBUTIVE LATTICES

Here, we deal with signatures EH)Ol] £ (S [U{T, L}(U{=})). The variety of
[bounded] distributive lattices is denoted by [B]DL C As_ ,,, that with carrier
n € (w\1) and the natural ordering on this being denoted by ,,[ 01}, in which case
V1 is an equality determinant for Daj 1) £ (Dapo1], {1}), and so, as {1} is a/“the
only” prime filter of Dy 1), by [17, Lemma 11]/“Theorem 4.28 with M = {Dy o1 }
= (o) and E = p(V1)", (U1 2 {(3:AD24;) £ (w1-iAms_j) | 1,5 € 2}) /O] s
a disjunctive/implicative system for D,y o). Then, taking the Prime Ideal Theorem,

Corollaries 4.10, 4.11 Lemmas 4.1, 4.9 and Remark 2.2 into account, we immediately
have the following well-known fact (cf. [6] as to REDPC):

Lemma 5.1. For any 2 € [B]DL and prime filter F of A[[X.], h = x§ €
hom(2A, Dop017) and h[A] = 2, in which case [B]DL = IPSDCDQ[M}, and so [B]DL is
the finitely U, -disjunctive restricted U%f;(vl)—implicative congruence-distributive
finitely-semi-simple (pre-/quasi- Jvariety generated by Doy 017 with (Si| S1)([B]DL)

= 0510 = (BIPLy, stz \I(DY,))) and REDPC scheme By} ..

A [bounded/] strong (De-)Morgan-Stone lattice[/algebra] is any o
whose Y| g1)-reduct is a [bounded] distributive lattice and which satisfies the fol-

-algebra,

lowing ¥ -identities:

(51) _|(£L'0 AN .Tl) ~ (_\ZL’() \Y _\xo),
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(5.2) Ty S o,

(5.3) ro % (- A o),

(5.4) -0 5 (ToV (mow1 Vo)),

in which case, by (5.1), (5.2) and (5.3), it satisfies the ¥ -quasi-identities:
(5.5) (rog@) —  (h21 5 ~20),

(5.6) (mzo T wo) —|— (70 T o),

and so the ¥ ;;-identities:

(5.7) =(xoVx1) = (-zgA-xy),

(5.8) ——mxg A T,

(5.9) (T~ (L)

(in particular, it is a Morgan-Stone algebra; cf. [2, 21])], the variety of them being
denoted by [B/]S(D)MS(L[/A]). Then, its members satisfying the X7 -identity:

(510) Xy = | é Zo,

are exactly [bounded/] De(-)Morgan lattices[/algebras] (cf. [1, 14, 13]), the va-
riety of them being denoted by [B/|DM(L[/A]). Likewise, [bounded/] Stone lat-
tices[/algebras] are [bounded/] strong Morgan-Stone lattices[/algebras] satisfying
the X7 -identity:

(5.11) (zo A o) S 71,

e, (5.11)[(T / =,)x1/L]], the variety of them being denoted by [B/|S(L[/A]).
Then, members of [B/]B(L[/A]) £ ([B]DML N [B]SL) are called [bounded/] Boolean
lattices[/algebras]. Finally, [bounded/] {strong} Kleene{-Stone} lattices[/algebras]
are [bounded] {strong} De-Morgan{-Stone} lattices satisfying the 37 -identity:

(5.12) (.130 A —\Jfo) S, (331 V —|$1),

the variety of them being denoted by [E/]{S}K{S}(L[/A]){:_) [BISL, for (5.12) =
((5-11)[w1 /(21 V —aa)])}-

Let ¢ = (9, ~wo) and Q = (img ).

Lemma 5.2. Let 20 € [B|SMSL, a,b € A and F a prime filter of A[X . Suppose
both (-*)a € F) & ((-*)b € F). Then, (-*-%a € F) & (-*-%bc F).

Proof. Assume —*—%q € F. If b € F, then, as 2 |= (5.2)[x0/b], we have ~*—-%b €
F. Otherwise, a ¢ F, in which case, as 2 |= (5.3)[z0/a], we have =%a ¢ F, that is,
-%b ¢ F, and so, since A = (5.4)[zo/a, z1/b], we get =2 =2b € F as well. O

This, by Theorem 4.8, the Prime Ideal one, (5.1), (5.7) and Corollary 4.26,
immediately yields:

Corollary 5.3. Ug-@(ﬂ) is an REDPC scheme for [B]SMSL.

This provides a uniform insight into REDPC for Stone and De Morgan algebras,
originally given by separate distinct schemes in [9, 19].

Let (DM|S) 43,01 € [BISMSL be the ¥ o1-algebra with (DMIS) (yy3)1,01

Sypom) £ (930122 \ (BI{(1,0)1)) and ~PT Ot & (15, k), (1 — (klj), 1 -
1 Gsk) € (DM]S) s} and (RIR)/B) 5 2y,01 2 (OMaon [(A2U({(0]1, 1]0)}/
@)), in which case p : K3 — K%, (1,7) +— (3,1) is an isomorphism from £; onto
R, and so Sjyy = {DMy1,017, Rsp01]5 G3[,01), Bap01)}, being a skeleton of S/[01] =
{qu,m],ﬁg[,m],ﬁéhmw63[,01],%2[,01]} = S>1{©9ﬁ4[701]763[701]}7 is that of ISEOl]

= ISjgy). Then, for any 2 € Sjgyj, Q2 is an equality determinant for (R, A N 7r0_1 {1},
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in which case, since A Ny '[{1}] is a prime filter of 2, by [17, Lemma 11], Ug £
{(7(xi) A p(xate)) & (T(x1-k) V p(x3-0)) | k, € € 2,7, p € Q} is a finite disjunctive
system for Sjg1}, and so, by Lemma 4.1, its members are subdirectly-irreducible, as it
is well-known. And what is more, by the paragraph following the proof of Theorem
4.28, isomorphic copies of members of Sﬁn] = {3393?4[,01]7R3[701],ﬁgm”,%2[701]} =
S~ 10DMy[01], being Uf,l7K)(Q)—implicative7 are simple, as it is well-known. On the
other hand,

(5.13) h 2 ((m1]83) x (m1153)) € hom(&3(017, Bap01))

in which case, by Lemma 2.3, since h((1,1)) = (1,1) = h((0,1)) # (0,0) = A({0, 0)),
{As,, 53} # (kerh) = hy ' [Ap,] € Co(G3(01)), and so G3( ¢y is not simple, as it is
well-known. ThU.S, Sﬁ)l] = Sl(s{ou) In particular, Sﬁ)/l] £ {©m4[’01],ﬁ3[’01},%2[’()1]}
Theorem 5.4. For any prime filter F of the ¥ -reduct of any 2 € [B]SMSL, so is
G= (A\(ﬂm)fl[F]), in which case, for some B € Si; ), h 2 (xHxx%) € hom(, B)
and h[A] = B, and so [B]SMSL = IPSDS[Ol]. In particular, [B]SMSL is finitely
Uq-disjunctive with ([B]SMSLy; \ I(J]@)) = SI“)([B]SMSL) = ISy} 5 &3(01) ¢
ISg,) = Si([BJSMSL), in which case it is not {finitely-}semi-simple, and so is not
(restricted) implicative.

Proof. Take any (alb) € (F|(A\ F)) # @. Then, as 2 E (5.2|5.3)[z0/(a|b)], we
have (({=%a}|{b,=%b}) N ((A\ G)|G)) # @, in which case G # @ # (A\ G),
and so, by (5.1) and (5.7), G is a prime filter of A[X . Therefore, by (2.2), (2.4)
and Lemma 5.1, h is a surjective homomorphism from 2A[¥ [ o1) onto a subdirect
square € of Dy 1], in which case, for each i € 2, as m;[C] = 2, there are some
(a|b)z € C such that m((a\b)z) = (O|1), and so C' 2 {CLO N ay, by ve bl} = A,.
Then, there are some (c¢|d) € A such that h(c|d) = (0]1,0]|1). And what is more,
by Lemma 5.2, (kerh) C (ker(=% o h)), in which case, by the Homomorphism

Theorem, h is a surjective homomorphism from 2 onto the E;[ Ol]—algebra B with

(BT i01) £ € and =® £ (1o (=% o h)), and so B € [B]SMSL. Furthermore,
(c|ld) ¢ | € F > | # =*(c|d), in which case, as & = (5.3|5.2)[z0/(c|d)], we have
-24-%(c|d) € | € F, and so =T (0[1,0[1) = h(=*(c|d)) = (1]0,1]0). In particular,
B = By, whenever B = C' = A,. Next, if (1,0) € B = h[A], i.e., there is some
e € A such that h(e) = (1,0), viz., e € F 5 =%e, then, as A = (5.2)[zo/e], we have
—*=%e € F, in which case =®(1,0) = h(="e) = (1,0), and so B = &Y ;, whenever
B = C = KJ. Likewise, if (0,1) € B = h[A], i.e., there is some f € A such that
h(f) = (0,1), viz., f ¢ F % =*f, then =(0,1) = h(=*f) = (0, m), for some m € 2,
and so B = (6]|R);( 1), whenever B = C = K3 = S3 and m = (0][1). Finally, if
B = C = 22, then, since B |= (5.1)[x/(1,0),21/(0,1)], we have (1,1) = =2(0,0) =
=B((1,0)AT(0,1)) = (=F(1,0) vE =%(0,1)) = ((1,0) VE (0,m)) = (1,m), in which
case m = 1, and so B = DMy|p,1;. Thus, in any case, B € SEOH' In this way, the
Prime Ideal Theorem, Corollaries 2.4, 2.8, Lemmas 2.3, 4.1, 4.9 and Remark 2.2
complete the argument. O

Corollary 5.5. Sub-varieties of [B|SMSL form the non-chain distributive seven-
element lattice, whose Hasse diagram is depicted at Figure 1, where any (non-)solid
circle-node is marked by V : S with a variety V C [B|SMSL, (not) being (w|oo)-semi-
simple/ “{(sub) direecttly} filtral”/“[restricted LU%”QW(Q)—Himplicative”, and the
least S C Sio1) such that (VN Sp1)) = 8515, in which case SI(V) = 1SS, while
V = ISPS is finitely Uq-disjunctive, and so disjunctive// “restricted implicative”
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[BISMSL : {DMy( 01, Sapo1y}

[BISKSL : {&s011, G301} [BIDML : {DMy1 017}
B|SL :
[BISL : {&3[,011} [BIKL : {83,011}
[BIBL : {B2},011}
I(%g[,m]) 19

FIGURE 1. The lattice of sub-varieties of [B]SMSL.

sub-pre-//quasi-varieties of [B]SMSL are sub-varieties of [B]SMSL//[B]DML. In
particular:

(i) [B]SMSL is the (pre-/quasi-)variety generated by {SI}([B]DML) U {SI}([B]SL);
(ii) [B]JSKSL is the sub-variety of [B]SMSL relatively aziomatized by (5.12)[x1/
ﬁl‘l].

Proof. Clearly, [BIDML > ©My; 1) = ((5.12)[x1/(—)21])[2:/(i, 1 — i)]ic2, in which
case (Sp1) N Mod((5.12)[z1/(—)x1])) = (Spo1) \ {DM4j011}), and so (ii) is due to
Theorem 5.4, while [B]SL > &301] £ (5.10)[20/(0,1)], whereas [BJKL > K3 01] £
(5.11)[20/(0,1 = 4)]sc2, as well as B[ o) € [B]BL is not one-element, in which case
the seven varieties involved do form the lattice with Hasse diagram depicted at
Figure 1 and their intersections with Sjp;; exhausting all those subsets of this,
which are closed under S, and so Theorems 4.18, 4.28 with M = ({DMy[ 017} ¥
{22n W;l[{].}] | 7 € 2}), 5.4, Corollaries 4.10, 4.11, 5.3 as well as Lemmas 4.1 and
4.9 complete the argument. O

It is in the sense of (i) that [B]SMSL is the implicational/(quasi-)equational join
of [B]DML and [B]SL.

Let R(;:yaj01) (Where i € {1,2}) be the Z;[)Ol]—algebra with (Reiag01) 1 Z41,01])
Dypo1 and =50 2 ({(7,3 — ) | 7 € (4(0\{1, 2))}(U{(i, 1), (3 = 4,2 (i = 1))}))
(in which case, providing i = (1]2), it satisfies (5.1), (5.2) and (5.3)[(5.4) [as well
as (5.9) {in particular, it is a Morgan-Stone algebra; cf. [2, 21]}], but (5.4)[(5.3)
is not true in it under [zx/(2 — k)]ke2|[zo/1], and so neither (5.3) nor (5.4) can be
omitted).

AL

5.1. Pre-varieties of strong Morgan-Stone lattices.

Definition 5.6 (cf. [14]). Members of [B[{S}(DM||K){S})L, satisfying the following
Y, -quasi-identity:

(5.14) (mxo = x0) — (zo =~ x1),
are called non-idempotent, NI[B/]{S}((D)M||K){S}(L[/A]) denoting their quasi-va-
riety {and including [B]SL}. O

Lemma 5.7. Any (non-one-element finitely-generated) A € [B]SMSL is non-idem-
potent if(f) hom(2A, B[ 01)) # F, in which case ([B]SMSL \ [BINISMSL) C [B]DML,
and so [B]SMSL = ([B]NISMSL U [B]DML).
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Proof. The “if” part is by the fact that =®2001g = a, for no a € A,. (Conversely,
assume 2l is non-idempotent, in which case, if hom(2(, &3/ 1)) is non-empty, then
so is hom (2, By g1)), in view of (5.13). Otherwise, by Remark 2.2 and Corollary
5.5, A[IX]] [being finitely-generated, as {L1*, T#} is finite] is a non-one-element
finitely-generated non-idempotent De Morgan lattice. Then, by [14, Lemma 4.3],
[since By has no proper subalgebra, in which case, for each h € hom(A[X7,B,),
there are some (alb) € A such that h(a|b) = (0/1,0[1), and so h((L|T)*) =
B((alb)(AN)® (L T)™) = (0[1,011)] @ # hom(A[[X], B)[= hom (2L, Bz.o1)].) Fi-
nally, Remark 2.2, Corollary 5.5 and (5.13) complete the argument. ]

This, by Remark 2.2, Corollary 5.5, (2.1), (2.4) and the locality of quasi-varieties,
immediately yields:

Corollary 5.8. NI[B]{S}(DM|K){S}L is the pre-/quasi-variety generated by {(DM|
R)(4‘3)[’011 x B o1, Gsp011}}- In particular, any (non-one-element) A € [B]SMSL
is non-idempotent if(f) hom (A, By 1)) # 2.

Likewise, Lemma 5.7 and [14, Proof of Lemma 4.9] immediately yield:
Corollary 5.9. £3 is embeddable into any member of SKSL\ NISKSL.
Corollary 5.10. NI[B]{S}DM{S}L U [B]{S}K{S}L is the sub-quasi-variety of [B]
{S}DM{S}L relatively axiomatized by the X7 -quasi-identity:

(515) ("Cﬂo ~ l‘o) — (xo é (l‘l V —|x1))

and is the pre-/quasi-variety generated by {DMyf01) X Bap01]; Rap01 1, Gap01)}}-
Proof. Clearly, (5.15) is satisfied in NI[B]{S}DM{S}L U [B]{S}K{S}L. Conversely,
consider any 2 € ([B]{S}DM{S}L\ NI[B]{S}DM{S}L) satisfying (5.15) and any
a,b € A, in which case there is some ¢ € A such that -%¢ = ¢, and so, as
2(5.15)[zo/c, 71/ (alb)], we have ¢ <* ((a]b) V¥ =*(a|b)). Then, by (5.2), (5.5)
and (5.7), we get (a A% =%a) <* ¢, in which case % = (5.12)[z0/a, v1/b], and so
A € [B]{S}K{S}L. Thus, Corollaries 5.5 and 5.8 complete the argument. O

This, by Lemma 5.7 and [14, Case 8 of Proof of Theorem 4.8], immediately
yields:

Corollary 5.11. DMy is embeddable into any member of {S}DM{S}L not satis-
fying (5.15).

Members of [B[{S}K{S}L satisfying the ¥ -quasi-identity:
(5.16) {20 S 2o, (ko A —1) T (m20 V1) } — (-1 T 21)
are called regular/classical (cf. [14]/[15]), the quasi-variety of them being denoted
by R[B/I{S}K{S}(L[/A)).
Lemma 5.12. {0y {, Ss0n}} C RBJ{SIK{SIL C NIBJ{S}K{S}L.

Proof. The fact that R[01] € [BJKL{C [B]SKSL} is well-known, while its regularity
is by the fact that F' & {=%ato1j <Raton 4 |4 € 4} = (4\ 2) = =R40u[4\ F]is a
prime filter of ©4 {whereas that of G3j ;) € [BJSKSL is immediate}. For proving
the second inclusion, consider any 2 € R[B]{S}K{S}L and any a,b € A such that
—%a = a, in which case, as A |= (5.1/5.16)[zo/a, 1 /((=*)b|(a A% (=*)b))] (and A =
(5.2)[z0/b]), we have (b <¥*)=*(=*)b <* (=%a V¥ =*(=M)b) = ~*(a A* (-%)b) <P
(an* (=*)b) < (=%)b, and so =*b = b. Then, since 2 |= (5.12)[xo/(alb), z1/(b|a)],
we eventually get both a(< | >)%b, i.e., a = b. Thus,  is non-idempotent. O

Corollary 5.13. R, is embeddable into any 2 € (NISKSL\ SL) D (RSKSL \ SL).
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Proof. Then, there are some a,b € A such that ¢ £ (a A% =%a) #d = (bA%c) <P ¢,
in which case, applying (5.1) and (5.5) [twice], we have [=*—=%d <* —¥-¥]c <*
-%c <™ -%d, and so, by (5.2) and (5.3), we get =*=%(c|d) = (c|d). In this way,
as ¢ # d, by (5.14), we have =%¢ # ¢, in which case we get =*d # —%¢, and so
{{0,d), (1,¢), (2,—%*c), (3, ~*d)} is an embedding of &4 into 2. Finally, Lemma 5.12
completes the argument. O

Theorem 5.14. R[B|{S}K{S}L is the pre-/quasi-variety generated by {Ra[oy1,
G301}

Proof. In view of locality of quasi-varieties and Lemma 5.12, it suffices to prove
that any finitely-generated non-one-element 2 € R[B]{S}K{S}L belongs to the pre-
variety generated by {R[01]{, ©3[,01)}}. Assume 2 is generated by imga, for some
a € A" and some n € (w\1). Put b = (A¥{an, V¥ =*am)men), in which case, by
(5.1), (5.7) and (5.12), we have =%b <* b. Consider any h € hom(, R31,01)) Let
(I|J) = {i € n | h(a;) = (0[1,0[1)}, (2|7) = |(I|J)| and k|¢ any bijection from 2|7 onto
I|J. We prove, by contradiction, that there is some g € hom((, B[ 1)) such that
glimg((k|¢) o @)] = {(0|1,0]1)}. For suppose that, for every g € hom(2A, By 1)),
there is either some i € ¢ or some j € 7 such that g(awy),,) = (1/0,1]0), in
which case, as, by Lemmas 5.7 and 5.12, we have hom((, By 1)) # I, we get
(IUJ) # @, and so we are allowed to put ¢ £ (V¥((koao—%o-%)« (Loao—™))).
Then, =%¢ €% ¢, for h(c) = (0,0) #%stou (1,1) = h(=%c). Now, consider any
[ € (hom(2A, {Rs,01], G3[,01)}) and the following complementary cases:
e f €hom(2, Sz 01)),
in which case, by (5.13) and the assumption to be disproved, f(c) = (1, 1),
and so f(b A% =%c) = (0,0) <sto1 (1,1) = f(=*b V¥ ¢).
o f §Zhom(2l,63[701]),

in which case f € hom(%, &3[,01)), while, as B[ 1] is a subalgebra of both

831,01 and Sy oy), there is some i € n such that f(a;) = (0,1), and so

FbAY %) ot £(b) = (0,1) = F(-) <o F(-Tp v c).
In this way, since, by Corollary 5.5, [B]SKSL > 2 is the pre-variety generated by
{Rs01], G3p01)}, by Remark 2.2, we eventually get (b A% =%¢) <* (=%bV? ¢), in
which case 2 P~ (5.16)[z0/b, £1/c], and so this contradiction to the regularity of 2
definitely shows existence of some g € hom(2, Bay,01]) such that g[img((k|¢) oa)] =
{{0]1,0]1)}. Then, by (2.4), K £ (h x g) € hom(2, R3[01) X Bay,01]), while e £
{{k, ([g],min(k:, 1), ([g], [%]))) | k € 4} € hom(Ry01]; Rap01] X Bapo1]) is injective,
whereas (imgh') C (imge), in which case i/ £ (b 0 e™!) € hom(2, Ryj01)) as well
as, by (2.1) and the injectivity of e ™1, (ker h”’) = (ker h’) C (ker h), and so Corollary
5.5 and Remark 2.2 complete the argument. (]

Lemma 5.15. 83 x By is embeddable into any A € (NISKSL \ RSKSL).

Proof. Then, by (5.1), (5.5), (5.6), (5.7) and (5.8), there are some a,b € A such
that (c[d) £ ~*=%(alb)(> | #)*~%(c|d) and (c A* =%d) <* (=%¢ V* d), in which
case, using (5.1), (5.7) and (5.8), by induction on construction of any ¢ € Tmél,
we get =% =% (c,d) = ¢*(c, d), and so the subalgebra 9B of 2 generated by {c,d}
is a non-idempotent Kleene lattice such that B [~ (5.16)[xo/c, x1/d]. Hence, by
[14, Case 4 of Proof of Theorem 4.8], &3 x B, is embeddable into 9B, and so into
2A. O

Lemma 5.16. D9y x By is embeddable into any A € (NISMSL \ SKSL).
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1(BY)

FIGURE 2. The lattice of sub-pre-/quasi-varieties of SMSL.

Proof. Then, taking Corollary 5.5(ii) into account, there are some a,b € A such
that, by (5.2), ¢ £ =%=%(a A* =%a) £* d £ (=%*b V¥ =¥=%}), in which case, by
(5.1), (5.7) and (5.8), we have both —=*(c|d)(> | <)*(c|d) = =*=*(c|d), and so,
by induction on construction of any ¢ € Tmzzl, we get %% (c,d) = ¢%(c, d).
Thus, the subalgebra 9B of 2 generated by {c,d} is a non-idempotent De Morgan
lattice such that B B (5.12)[x0/c, x1/d], in which case, by the proof of [14, Lemma
4.10], DM, x By is embeddable into B, and so into A. O

Lemma 5.17. &3 is embeddable into any 2A € (SMSL\ DML).

Proof. Then, there is some a € A such that =*—%a # a, in which case, by (5.2), b £
(=%an*=¥-%a) <P e & (aV¥-%a) <P d £ (-Ma V¥ -*-%a), while, by (5.1), (5.7)
and (5.8), both =%¢ = b = =%d and —=*b = d, whereas c # d, for, otherwise, since
2A = (5.25.3)[x0/a], {b, ~*a,a, ~*~%a,d} would be a pentagon of the distributive
lattice A[Y,, and so b # ¢, for otherwise, we would have ¢ = b = =%¢c = =%b = d.
Thus, {(0,0,b),(0,1,¢),(1,1,d)} is an embedding of &3 into . O

Theorem 5.18. Sub-pre/quasi-varieties of SMSL form the fifteen-element non-
chain distributive lattice depicted at Figure 2.

Proof. We use Corollary 5.5 tacitly. Clearly, ©@9t; x B is not in SKSL, for D9,
is not so, while 7 [(22 x Ay) is a surjective homomorphism from the former onto
the latter, in which case, by Corollary 5.10, SKSL C (SKSL U NISMSL) C SMSL,
for SMSL 5 D9 (= (5.15)[x;/(i,1 — i)];c2. Likewise, &3 ¢ DML, so, by Corollar-
ies 5.8, 5.10 and Theorem 5.14, both (KL UNIDML) C (SKSL U NISMSL), NIDML €
NISMSL, NIKL € NISKSL and RKL C RSKSL, while, by Corollary 5.8, NIKL > (R3 x
Bo) = (5.16)[xo/((0,1),(1,1)),21/({(0,0),(1,1))], so, by Lemma 5.12, RSKSL C
NISKSL, whereas KL 5 K3 }= (5.14)[x0/(0,1),21/(0,0)], so NISKSL C SKSL. Fi-
nally, by Theorem 5.14, &3 € RSKSL 3 84 [~ (5.11)[z;/(1 — ©)]ie2, so SL C RSKSL.
Thus, by Lemma 5.7, Corollaries 5.8, 5.10, Theorem 5.14 and [14, Theorem 4.8],
the fifteen quasi-varieties involved are pair-wise distinct and do form the lattice de-
picted at Figure 2. Now, consider any pre-variety P C SMSL such that P ¢ DML,
in which case, by Lemma 5.17, &3 € P, and so SL C P, as well as the following
exhaustive cases:
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(1) P € (SKSLUNISMSL),
in which case, by Corollaries 5.10 and 5.11, DMy € P > S5, and so
P = SMSL.

(2) P C (SKSL U NISMSL) but neither P C SKSL nor P C NISMSL,
in which case (SKSLINISMSL) 2 (P N (NISMSL|SKSL)), and so, by Lemmal|
Corollary 5.16]5.9 (D04 x B2)|R3) € P 3 S3. Then, by Corollary 5.10,
P = (SKSL U NISMSL).

(3) P C NISMSL but P ¢ SKSL,
in which case, by Lemma 5.16, (D9, x B2) € P 5 &3, and so, by Corollary
5.8, P = NISMSL.

(4) P C SKSL but P ¢ NISMSL,
in which case, by Corollary 5.9, 3 € P 3 &3, and so P = SKSL.

(5) P C NISKSL but P ¢ RSKSL,
in which case, by Lemma 5.15, (K3 x B3) € P 3 &3, and so, by Corollary
5.8, P = NISKSL.

(6) P C RSKSL but P ¢ SL,
in which case, by Corollary 5.13, 84 € P 3 &3, and so, by Theorem 5.14,

P = RSKSL.
(7) P CSL,
in which case P = SL.
In this way, [14, Theorem 4.8] completes the argument. O

5.1.1. Implicative quasi-varieties of strong Morgan-Stone lattices and algebras.

Lemma 5.19. Let Q C [B]SMSL be a quasi-variety. Then, (Siq(Q)N[B]NISMSL) C
18,0, C [BJBL C [BIKL C [B]DML.

Proof. Consider any 2 € (Siq(Q) N [BJNISMSL), in which case |1A| > 1 [viz.,
L% # TY, de, A & IBY )y, and so [as, by (5.9), {(0,0,1%),(1,1,T*)} €
hom (B3 01,2) is injective], by Corollary 5.5 and Theorem 5.18, B[ 91 € Q. Then,
by Corollary 5.8, since B[ o) has no proper subalgebra, there is some surjective
h € hom(A, By o)) # <, in which case, by Lemma 2.3, as (imgh) = Az is not a
singleton, A% # (ker h) = hy '[Ap,] € Coq(A) C {A%, A4}, and so h is injective, as
required, in view of Corollary 5.5. O

Theorem 5.20. Any relatively semi-simple (more specifically, implicative) quasi-
variety Q C [B]SMSL is a sub-variety of [BIDML, in which case it is restricted
U%‘Q’wp(m—implicative, and so “{relatively} (finitely-)semi-simple”/“[restricted
LU“ZHQ wp(Q)—ﬂimplicative sub-{ quasi-}varieties of [B]SMSL are ezactly sub-vari-
eties of [B]DML.

Proof. In that case, by Corollary 2.5, Q is generated by K £ Sig(Q), and so, by
Lemmas 5.7 and 5.19, Q C [B]DML. Consider the following complementary cases:
e K=g,
in which case Q = 1%8[701}'
o K 7§ J.
Consider the following complementary subcases:
— K C [BINISMSL,
in which case, by Corollary 2.4 and Lemma 5.19, K = I8/ o), and so,
by Corollary 5.5, Q = [B]BL.
— K ¢ [BJNISMSL.
Consider the following complementary subcases:
x K C ([B]SKSL U [B]JNISMSL),
in which case (K '\ [B]NISMSL) C [BJKL, and so, by Lemma 5.19,
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Q C [BIJKL. Conversely, take any 2 € (K\ [BINISMSL) # @, in
which case (A[[X]]) € (SKSL\ NISMSL), and so, by Corollary
5.9, there is an embedding e of &3 into A[|X]. Then, [as a =
e((0,1)) = =%a, by (5.9), {(0,0, 1%),(0,1,a), (1,1, T*)} is an
embedding of R3 1 into 2, in which case] R3[,01) € Q, and so, by
Corollary 5.5, Q = [B]KL.
« K ¢ ([BJSKSL U [BJNISMSL.

Take any B € (K\ ([BJSKSL U [B]NISMSL)) # &, in which case,
by Corollaries 5.10 and 5.11, there is an embedding f of DMy
into B[[X7], and so DMy, € Q in the [J-non-optional case. [By
contradiction, prove that ®9M4 01 € Q. For suppose DMy 01 &
Q, in which case it is not embeddable into 9B, and so, by (5.9),
both f((0|1,0[1)) # (L|T)%. Then, by (5.9), g £ (((mo](22 x
[0, 171)) £)UL{(0,0), (0,0), L), ({1, 1), (1, 1), T*)}) is an em-
beddmg of Z)Dﬁﬁ = ((@DT(4,01 X .ﬁ3701)[(domg)) into %7 while
Ag, x Ax, is that of &3 o1 into DM, whereas both 7g) [D Mg =
(DM||K)4)3, in which case {DMg, R301} € Q Z DMy 01, and
so, by the Homomorphism Theorem, Lemma 2.3 and the subdi-
rect filtrality of BDML with its simple members ®9, o; and
R3.01, being due to Corollary 5.5, since Fi(2) = {p(N,2) |
N'€ p(2)}, Coq)(®Mg) = ({ker(mi[DMs) | i € (2{\1})} U
{Apmg, DMZ}}Y). In this way, since Apyy,  ker(m [DMg) €
DM, for 6 # 3 # 1, DM € (SIg(Q) \ Sig(Q)), contrary
to the relative semi-simplicity of Q.] Thus, by Corollary 5.5,
Q = [B|DML.

This, by Corollary 5.5 (and Lemma 4.9), completes the argument. O

6. CONCLUSIONS

Perhaps, the main problem remained still open whether any (U-)implicative

[quasi-]variety has EDP[R]|C scheme (U). Likewise, the issue whether the stipu-
lations “finitely|finitely-” /“locally-finite” in the formulation of Corollary 4.20/4.21
are necessary remains open as well. Finally, an interesting (though a purely method-
ological) point remained open is an equational derivation of Corollary 5.5(ii).

1.

2.

3.

10.

11.

REFERENCES

R. Balbes and P. Dwinger, Distributive Lattices, University of Missouri Press, Columbia
(Missouri), 1974.

T.S. Blyth and J.C. Varlet, On a common abstraction of De Morgan algebras and Stone
algebras, Proc. Roy. Soc. Edinburg A 94 (1983), 301-308.

A. 1. Budkin and V. A. Gorbunov, Implicative classes of algebras, Algebra and Logic 12
(1973), 139-140.

. T. Frayne, A.C. Morel, and D.S. Scott, Reduced direct products, Fundamenta Mathematicae

51 (1962), 195-228.

. E. Fried, G. Gritzer, and R. Quackenbush, Uniform congruence schemes, Algebra Universalis

10 (1980), 176-189.

. G. Gratzer and E.T. Schmidt, Ideals and congruence relations in lattices, Acta. Math. Acad.

Sci. Hungar. 9 (1958), 137-175.

. B. J6nsson, Algebras whose congruence lattices are distributive, Math. Scand. 21 (1967),

110-121.

. A. 1. Kogalovskil, On Birkgoff’s Theorem, Uspehi Mat. Nauk 20 (1965), 206207, In Russian.
. H. Lakser, Principal congruences of pdeudocomplemented distributive lattices, Proceedings of

the American Mathematical Society 37 (1973), 32-37.

A. I. Mal’cev, To a general theory of algebraic systems, Mathematical Collection (New Seria)
35 (77) (1954), 320, In Russian.

, Algebraic systems, Springer Verlag, New York, 1965.




IMPLICATIVITY VS. FILTRALITY, DISJUNCTIVITY AND EQUALITY DETERMINANTS 25

12. A. F. Pixley, Distributivity and permutability of congruence relations in equational classes of
algebras, Proceedings of the American Mathematical Society 14 (1963), no. 1, 105-109.

13. A. P. Pynko, Functional completeness and aziomatizability within Belnap’s four-valued logic
and its expansions, Journal of Applied Non-Classical Logics 9 (1999), no. 1/2, 61-105, Special
Issue on Multi-Valued Logics.

14. , Implicational classes of De Morgan lattices, Discrete mathematics 205 (1999), 171-

181.

15. , Subprevarieties versus extensions. Application to the logic of paradoxr, Journal of

Symbolic Logic 65 (2000), no. 2, 756-766.

, Sequential calculi for many-valued logics with equality determinant, Bulletin of the

Section of Logic 33 (2004), no. 1, 23-32.

, A relative interpolation theorem for infinitary universal Horn logic and its applica-

tions, Archive for Mathematical Logic 45 (2006), 267—-305.

, Subquasivarieties of tmplicative locally-finite quasivarieties, Mathematical Logic
Quarterly 56 (2010), no. 6, 643-658.

19. H.P. Sankappanavar, A characterization of principal congruences of De Morgan algebras and
its application, Proceedings of IV Latin American Symposium on Mathematical Logic, Santi-
ago, 1978 (Amsterdam) (A.I. Arruda, R. Chuaqui, and N.C.A. da Costa, eds.), North-Holland
Publishing Company, 1980, pp. 341-349.

20. L. A. Skornyakov (ed.), General algebra, vol. 2, Nauka, Moscow, 1991, In Russian.

21. D. Sevéovié, Free non-distributive Morgan-Stone algebras, New Zealand Journal of Mathe-
matics 94 (1996), 85-94.

16.

17.

18.

DEPARTMENT OF DIGITAL AUTOMATA THEORY (100), V.M. GLUSHKOV INSTITUTE OF CYBER-
NETICS, GLUSHKOV PROSP. 40, KIEV, 03680, UKRAINE
Email address: pynko@i.ua



