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Abstract. Modern superposition inference systems aim at reducing the
search space by introducing redundancy criteria on clauses and infer-
ences. This paper focuses on reducing the number of superposition in-
ferences with a single clause by blocking inferences into some terms,
provided there were previously made inferences of a certain form per-
formed with predecessors of this clause. Other calculi based on blocking
inferences, for example basic superposition, rely on variable abstraction
or equality constraints to express irreducibility of terms, resulting how-
ever in blocking inferences with all subterms of the respective terms.
Here we introduce reducibility constraints in superposition to enable a
more expressive blocking mechanism for inferences. We show that our
calculus remains (refutationally) complete and present redundancy no-
tions. Our implementation in the theorem prover Vampire demonstrates
a considerable reduction in the size of the search space when using our
new calculus.

Keywords: Saturation - Superposition - Redundancy- Reducibility con-
straints

1 Introduction

Automated reasoners in first-order logic with equality commonly rely on the
superposition calculus [24J5]. This calculus has been extended with various im-
provements in order to reduce the search space. For instance, avoiding superpo-
sition into variables and ordering literals and clauses are common practices in
modern theorem provers [20028/31].

To reduce generation of redundant clauses in equational reasoning, the “ba-
sicness” restriction [I5] was introduced at the term level. This idea aided, for
example, in finding the proof of the Robbins problem [23]. This restriction blocks
superposition (rewriting) inferences into terms resulting from (quantifier) instan-
tiations, considering such terms irreducible in further proof steps. This approach
was further generalised to block superposition into terms above variable positions
in basic superposition/paramodulation [7I25], while preserving refutational com-
pleteness. However, blocking and applying different rewrite steps among equal
terms impacts proof search. In this paper, we propose a number of different
ways to block inferences, so that the resulting calculus remains complete. The
effect of these restrictions resembles some strategies from term rewriting, such
as innermost and outermost strategies.
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Fig. 1. Possible superposition sequences into

Motivating example. Consider the following satisfiable set C of clauses:

C_{@g(:cyb):a, @ f(z,b) ~ z, }
® ga,z) =z, @ P(g(z,y), f(g(x,b),2))

where x, y are variables, a, b constants, f, g function symbols, and P is a predicate

that Fiure 1| contains many redundant clauses. For example, [:
W r.t. (6) and (1), as it is a loglcal consequence of (smaller) (6) and Similarly,
) is redundant w.r.t. (1) and [

Many derivations of Figure [I| could however be avoided by using a rewrite
order between the inferences. For example, a leftmost-innermost rewrite order on
inferences derives along the path (DHBEIHOH13) Whenever we would deviate
from the leftmost-innermost rewrite order when rewriting a term ¢, we enforce the
order by requiring that any term #’ that is to the left of or inside ¢ is irreducible
in further derivations. In other words, we block further inferences with ¢'. With
such a restriction, we cannot rewrite g a: y in clause as g(z,y) was to the

left of the previously rewritten term . Hence, when using a leftmost-
1nnermost rewrite upon in Figure [1] l @ is only generated by the derivation path

) Similarly, . cannot be derived from [7) but can be derived from [

Our contributions. We introduce a new superposition calculus that enables
various ways to block (rewrite) inferences during proof search. Key to our cal-
culus are reducibility constraints to restrict the order of superposition inferences
(Section. Our approach supports and generalizes, among others, the leftmost-
innermost rewrite orders mentioned in the motivating example by means of ir-
reducibility constraints, allowing us to reduce the number of generated clauses
Furthermore, in our motivating example the derivation @.k e of Flgure

not needed for the following reason. By superposing into [(2) Wlth we derlve
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a ~ b, which makes one of and redundant w.r.t. the other. As was
used to rewrite g(x,b) in Figure |1| and derive we block superposition into
g(z,b) with all clauses except in further derivations. We express this require-
ment via a one-step reducibility constraint (Deﬁnition, resulting in the BLINC
— BLocked INference Calculus. As such, BLINC is parameterized by a rewrite
ordering and (ir)reducibility constraints.

We proveE| that our BLINC calculus is refutationally complete, for which we
use a model construction technique (Section [4) with new features introduced to
take care of constraints. We extend our calculus with redundancy elimination
(Section . When evaluating the BLINC calculus implemented in the Vampire
theorem prover, our experiments show that reducibility constraints significantly
reduce the search space (Section @

2 Preliminaries

We work in standard first-order logic with equality, where equality is denoted
by ~. We use variables x, y, z, v, w and terms s, t, u, [, r, all possibly with
indices. A term is ground if it contains no variables. A literal is an unordered
pair of terms with polarity, i.e. an equality s ~ ¢ or a disequality s % t. We write
s <t for either an equality or a disequality. A clause is a multiset of literals. We
denote clauses by B,C, D and denote by [J the empty clause that is logically
equivalent to L.

An expression E is a term, literal or clause. We will also consider as ex-
pressions constraints and constrained clauses introduced later. An expression is
called ground if it contains no variables. We write E[s] to state that the ex-
pression F contains a distinguished occurrence of the term s at some position.
Further, E[s — t] denotes that this occurrence of s is replaced with ¢; when s
is clear from the context, we simply write E[t]. We say that t is a subterm of
s[t], denoted by t < s[t]; and a strict subterm if additionally ¢ # s[t], denoted
by t < s[t]. A substitution o is a mapping from variables to terms, such that
the set of variables {z | o(x) # x} is finite. We denote substitutions by 6, o,
p, i, 1. The application of a substitution # on an expression E is denoted E6.
A substitution 6 is called grounding for an expression E if E6 is ground. We
denote the set of grounding substitutions for an expression E by GSubs, that is
GSubs(E) = {0 | Ef is ground}. We denote the empty substitution by e.

A substitution 6 is more general than a substitution o if 8y = ¢ for some
substitution 7. A substitution @ is a unifier of two terms s and t if s = tf, and
is a most general unifier, denoted mgu(s, t), if for every unifier 7 of s and ¢, there
exists a substitution p s.t. n = Ou. Recall that the most-general unifiers of terms
are idempotent [2].

A binary relation — over the set of terms is a rewrite relation if (i) | —
r =10 — rf and (ii) | — r = s[l] — s[r] for any term [, r, s and substitution
0. The reflerive and transitive closure of a relations — is denoted by —*. We

3 detailed proofs are in the Appendix
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write < to denote the inverse of —. Two terms are joinable, denoted by s | t, if
s =% u <*t. A rewrite system R is a set of rewrite rules. A term [ is irreducible
in R if there is no r s.t. | — r € R. Joinability w.r.t. R will be denoted by
s Ir t. A rewrite ordering is a strict rewrite relation. A reduction ordering is
a well-founded rewrite ordering. In this paper we consider reduction orderings
which are total on ground terms, that is they satisfy s>t = s > ¢; such orderings
are also called simplification orderings.

We use the standard definition of a bag extension of an ordering [12]. An
ordering > on terms induces an ordering on literals, by identifying s ~ ¢ with
the multiset {s,t} and s % ¢ with the multiset {s,s,¢,t}, and using the bag
extension of . We denote this induced ordering on literals also with . Likewise,
the ordering > on literals induces the ordering on clauses by using the bag
extension of . Again, we denote this induced ordering on clauses also with .
The induced relations > on literals and clauses are well-founded (resp. total) if
so is the original relation > on terms. In examples used in this paper, we assume
a KBO simplification ordering with constant weight [I§].

Many first-order theorem provers work with clauses [283T20]. Let S be a
set of clauses. Often, systems saturate S by computing all logical consequences
of S with respect to a sound inference system Z. The process of saturating S is
called saturation. An inference system Z is a set of inference rules of the form

Cy...Cp
C i

where C1,...,C, are the premises and C is the conclusion of the inference.
The inference rule is sound if its conclusion is the logical consequence of its
premises, that is Cy,...,C, = C. The inference is reductive w.r.t. an ordering
= if C = C, for some i = 1,...,n. An inference system Z is sound if all its
inferences are sound. An inference system Z is refutationally complete if for
every unsatisfiable clause set S, there is a derivation of the empty clause in Z.
An interpretation I is a model of an expression E if E is true in I. A clause
C that is false in an interpretation I is a counterexample for I. If a clause set
contains a counterexample, then it also contain a minimal counterexample w.r.t.
a simplification ordering > [6].

3 Reducibility Constraints

This section presents a new blocking calculus, called BLINC (BLocked INference
Calculus). This calculus uses specific constraints to block inferences.

Definition 1 (Constraints). Let [ be a non-variable term and r a term. We
call the expression [ ~» r a one-step reducibility constraint, and the expression

I an irreducibility constraint. A constraint is one of the two.

Now let us define the semantics of these constraints.
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(1) w is not a variable,
s )lzr\/C\H siul<tv DT N gg?:%mgu(lvu)gl
ups — where o % so,ro it lo,
(s[rleatvCVD)o| A “(4) A =ToUBs(so,lo)U{lo ~ ro},
*(5) the conclusion is not blocked,
s#tvC| T (1) o = mgu(s, t),
(EqRess) T Co | To where *(2) the conclusion is not blocked,

(1) o = mgu(s, u),
where (2) to # so, wo * to,
*(3) the conclusion is not blocked.

s~tVu~xwVC|I
(s~tvttwVvC)o|Ic

(EqFacs)
Fig. 2. The BLINC calculus

Definition 2 (Satisfied Constraints, Violated Constraints). Let R be a
rewrite system. We say that R satisfies [ ~» r if | = r € R and satisfies |l if [ is
irreducible in R. We say that R violates a constraint if it does not satisfy it.

An expression C | I' is a constrained clause, where C' is a clause and I" a finite
set of constraints. We denote constrained clauses C, D, possibly with indices.

Definition 3 (Blocked Constrained Clause, Blocked Inference). Let C =
C' | I" be a constrained clause. We call the constraint | ~ r € I' active in C if
s = [ for some term s in C. Likewise, we call |l € I" active in C if s > [ for
some term s in C'. We call C blocked if either it contains two active constraints
I ~ 7 and | ~ r’ such that r and " are not unifiable, or it contains two active
constraints [ ~ r and |l. An inference is blocked if its conclusion is blocked.

Our superposition calculus BLINC uses constrained clauses and bans inferences
with blocked conclusions. For that, we attach constraints to clauses, as follows.

Definition 4 (S-ordering). An S-ordering is a partial strict well-order 3 on
terms, stable under substitutions. For that, we use the function Bs defined below
to attach constraints to clauses.

Bs(s,1) == {Ju | u €l,u is non-variable and v < s}

BLINC is shown in Figure [3| We assume a literal selection function satisfying
the standard condition on > and underline selected literals. The next example
illustrates blocked BLINC inferences.

Ezxample 1. We use the order > on terms as the S-ordering. A Sups inference
of BLINC into [(4) with [(2) from our motivating example from page results in

fla,b) >~z P(g(x,y), f(g(x,b), 2))
P(g(z,y),9(x,0)) [ {1b,49(2,y), lg(x,b), f(9(x,b),b) ~ g(x,b)}

Note that the conclusion constrains clause|(7) of Fi ure Now, the superposition
of into g(z,y), and hence clause (11} of Figure is blocked:
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® P(a, f(g(z,b),2)) g9(z,y), f(a,z)) ,9(z,b))
P(a,f(b,2)) @ P(a, f(a,2)) Q9 P(a,g(x,b)) P(g(z,y),a)

1) P(a,b) ) P(a, a)

Fig. 3. Inferences from Figure [1| with blocked inferences in BLINC removed. Figure
illustrates the effectiveness of blocking constraints when compared to Figure [T} we
removed arcs corresponding to inferences blocked when the order > is used as the S-
ordering. Of the 14 original inferences as in Figure only 7 are non-blocked in Figure

g(@,b) ~a P(g(x,y),g(x,b) | {Jg9(z,y),9(x,b), f(g(x,b),b) ~ g(z,b)}
P(a,g(z,0)) | {Ib,Lg(z,b), f(9(x,b),b) ~ g(x,b), g(x,b) ~~ a}
Note that the conclusion blocks clause of Figure |1| by the active constraints
lg(x,b) and g(x,b) ~ a. Figure |3 shows the modified version of Figure [1} when

using the blocking inferences of BLINC to generate less clauses than in Figure
(|

Ezample 2. Con51der now a sequence of superposmon mferences into
and then by [(3) That is, we consider the derivation [ )| from Flgurei

g(z,b) ~a P(g(z,y), f(9(z,b),2))
gla,x) >~z Pla, f(g(x,),2)) | {1b,g(x,b) ~ a}
P(a, f(b,2)) | {1a,1b, g(a,b) ~ a, g(a,b) ~ b}
The resulting conclusion is constrained and blocked, as we have two active con-

straints g(a,b) ~» a and g(a,b) ~ b. As such and as shown in Figure|3] clause (9)
(and also clause will not be generated by BLINC, in contrast to Figure a

4 Model Construction in BLINC

This section shows completeness of BLINC, with a proof which resembles that of
Duarte and Korovin [I3]. We start by adjusting terminology to our setting and
discussing key differences compared to standard completeness proofs.

Definition 5 (Closure). Let C = C | I" be a constrained clause and 6 a sub-
stitution. The pair C - 6 is called a closure and is logically equivalent to C6. A
closure (C| I') - 0 is ground if C8 | I'0 is ground, in which case we say that 6 is
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grounding for C'| I and call (C | I") - 6 a ground instance of C' | I'. Note that a
ground instance of a constrained clause is a closure.

The set of all ground instances of C is denoted C*. We will denote ground
closures by C,ID, maybe with indexes. If N is a set of constrained clauses, then
N* is defined as Jpocy C*. If C = D, we write C' | I' = D | A. Similarly, if
CH|I'0 > Do | Ao, then we write (C | I") -0 > (D | Q) - 0.

A crucial part in the completeness proof of BLINC is reducing minimal coun-
terexamples to smaller ones. However, due to blocked inference conditions (5) in
Sups), (2) in EqResy, and (3) in EqFacy, such a counterexample reduction may
not be possible. We solve this problem in three steps:

1. Given a saturated set of clauses IV, we construct a model for a subset of its
closures U(N) C N*, namely, for so-called unblocked closures that do not
block any reductive inferences with smaller clauses (Definition @

2. We show that if the empty clause O is not in ¢(NV), then the model satisfies
each closure in Y(N) (Theorem . That is, we show that counterexamples
in U(N) can be reduced to smaller counterexamples, which are also in U(N).
This avoids the aforementioned problem with blocked inferences.

3. We then show that the model also satisfies all closures in N* (Theorem [2)).

Definition 6 (Partial/Total Models, Blocked/Productive Closures).
Let N be a set of constrained clauses. We will define, for every closure C € N*,
the rewrite system R¢ and refer to all such rewrite systems as partial models.
The definition will be made by induction on the relation > on ground closures.
In parallel to defining Rc, we also define the rewrite system

Ric= |J Ro.
D=<C

The partial model R¢ will either be the same as Rc, or obtained from R.c¢ by
adding a single rewrite rule. In the latter case will call the closure C productive.

The reduced closure of a ground closure C-6 is defined as the closure C-6’ such
that for each variable x occurring in C, we have that ¢'(x) is the normal form
of f(x) in Rzc.9. We call a ground closure reduced if its reduced form coincides
with this closure. Let C - 6 be a ground closure and C - 8’ be its reduced form. We
say that C - 0 is blocked w.r.t. N if R.c.¢r violates some constraint in I'0’ that
is active in C6’. A closure that is not blocked w.r.t. N is called unblocked w.r.t.
N.Let C=(l~rVvC")|I. The closure C - § is called productive if

(i) C-0is false in R<c.,

(ii) 10 ~ r0 is strictly maximal in C6,
(iii) 10 = 70,
(iv) C'0 is false in Roc.9 U {10 — 10},
(v) 16 is irreducible in R_c.g,
(vi) C -0 is unblocked w.r.t N.
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Now we define

Ry — RocoU{l0 — r0,} if C- 6 is productive;
€07\ Rzca, otherwise.

R = UCeN* Rc¢

Finally, we call Ry the total model and define U(N) as the set of all closures in
N* unblocked w.r.t. V. O

This construction has two standard properties that we will use in our proofs:

1. Rc = Cif and only if for all D > C we have Rp | C, if and only if R, | C.

2. R is non-overlapping, terminating and hence canonical.

The crucial difference between our model construction and the standard model
construction is the condition on productive closures to be unblocked w.r.t. IV.
Let us now define our redundancy notions based on U (N) as follows.

Definition 7 (Redundant Clause/Inference). A constrained clause C is
redundant w.r.t. N if every ground instance of C is either blocked w.r.t. N, or
follows from smaller ground closures in U(N). An inference Cy,...,C, F D is
redundant w.r.t. N if for each 6 grounding for Cy,...,C,, and D either

(i) one of Cy - 0,...,Cy, - 0, D - 0 is blocked w.r.t. N, or
(ii) D - 6 follows from the set of ground closures
{C|CeU(N)and ;-0 > C for some i}. O

Definition 8 (Saturation up to Redundancy). A set of constrained clauses
N is saturated up to redundancy if, given non-redundant constrained clauses
Cy,...,Cy € N, any BLINC inference Cy,...,C, F D is redundant w.r.t. N.

From now on, let IV be an arbitrary but fixed set of constrained clauses. We will
formulate a sequence of lemmas used in the completeness proof, whose proofs
are included in the appendix. The following lemma is used to show that unary
inferences with an unblocked premise result in an unblocked conclusion.

Lemma 1. (Unblocking Inferences) Suppose C,D € N and 0 and o are
substitutions irreducible in Rsc.9 and in Rp.,, respectively. If C -6 = D - o,
I'0 2 Ao and C - 0 is unblocked w.r.t. N, then D - o is unblocked w.r.t. N.

We next prove that the conclusion of a blocked inference is redundant, that is,
the conditions for blocking inferences in BLINC are correct.

Lemma 2. (Redundancy with Blocked Clauses) Let C be a constrained
clause. If C is blocked, then all ground instances of C are blocked w.r.t. N.

The next lemma resembles the standard lemma on counterexample reduction.

Lemma 3 (Unblocked Supg). Suppose that (a) D = stV D | I' is a
constrained clause in N, (b) D -0 a ground closure unblocked w.r.t. N, (c) 0 is
irreducible in Rop.g, (d) sO = t0, (e) sO is reducible in R<p.g.

Then there exist a constrained clause (I ~rV C | II) € N, a Sups -inference
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l~rVvC|II su>xtvD|T
(Sups)
(s[rjtvCVD)o| A
and a substitution T such that (i) Dot = D0, (i) L~ rVC | Il -oT is productive,
and (s[r]<tt vV CV D)o | A- ot is unblocked w.r.t. N.

We are now ready to show completeness of BLINC, starting with the following.

Theorem 1 (Model of U(N)). Let N be saturated up to redundancy and
O ¢ N. Then for each C € U(N) we have Rc = C.

When R¢ | C, we will simply say that C is true. Note that this implies that
Rp EC for all D = C, and also Ry | C. We say that C is false if it not true.

Proof. Here, we only prove a few representative cases and refer to the Appendix
for complete argumentation. Assume, by contradiction, that U(N) contains a
ground closure C such that R¢ = C. Since > is well-founded, then N* contains
a minimal non-blocked closure C - 6 such that Re.g = C - 6.

Case 1. C is redundant w.r.t. N. The closure C - 8 is non-blocked, so it follows
from smaller closures Cq,...,C, in U(N). Then there is some C; which is false
too, and we are done. a
Case 2. C contains a variable x such that 0 is reducible in R-c.9. The reduced
closure C-6' of C-6 is unblocked w.r.t. N, so C-0" € U(N). Since x0 = x0’ and for
all variables y different from x we have y = y6’, we have C-0 = C-¢’, then C -6’
is true. Since yf = y#’ is true in R, for all variables y, we also have that C -6’ is
equivalent to C - 0 in R, hence C - 6 is true and we obtain a contradiction. O
Case 3. There is a reductive inference C1,...,Cp & D with Cy,...,C, € N which
is redundant w.r.t. N such that (a) {C1 - 0,...,C,, -0} C U(N), (b) D-0 is
unblocked w.r.t. N, (¢) C-0 = max{Cy -0,...,C,, -0}, and (d) D-0 = C-9.
D - 6 is implied by ground closures in U(N) smaller than C - §. These ground
closures are then true in Rec.g, so D -0 is true, and hence C -6 is also true in R¢.g,
contradiction. a
Case 4. None of the previous cases apply, and a negative literal s 2 t is selected
inC,ie.C=s2tVvVC|I.C-0isfalse in Rc.g, so s0 |g,., t0. W.lLo.g., assume
s6 = t0.

Subcase 4.1. s = t0, where s and t are unifiable. Consider the EqResg inference

sEtvC| I
Co|T'o

where o = mgu(s,t). Take any ground instance D - p = (Co | I'g) - p such that
op = 0; by the idempotence of o, we have D-p =D -6. Clearly, C-0 > D -0 and
D -0 implies C-0. AsC-0 > D-0 and ['op = I'00 = I'§, Lemma [I] implies that
D - 0 is unblocked w.r.t. N. By Case 1, D is not redundant, hence D € N. But
then D - 0 is a false closure in U(N), which is strictly smaller than C - 6, so we
obtain a contradiction. a
Subcase 4.2. sf > tf. By conditions on the literal selection, we assume that
s = t is maximal in C. By Lemma @, there is a Supg inference into sf with a
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ground closure such that the result C’ - 6 is unblocked w.r.t. N. This closure is
of the form D -0 = (I ~r Vv D | IT) - 6 and we have the following Sup inference

l~rvD|I s[l'|2tvC|T

(s[r]£tvCVD)o|A

where o = mgu(l,1’). Note that C' = s[r] 2tV CV D and C'- p =C’- 0. Then,
C-0=C -60and D-6 and C’ -0 imply C - 6. Since C’ - 0 is unblocked w.r.t.
N, using Lemma we get that C’ is not blocked w.r.t. N, and condition (5) of
Supy is satisfied. Similar to Case 4.1, we have that the conclusion is a smaller
false unblocked closure, so we obtain a contradiction. a

Next we show that for a saturated set of clauses N, if R is a model for U (N),
then it is also a model of N*, that is, R, satisfies also all blocked closures in
N*. This follows from the next theorem.

Theorem 2 (Model of N*). Let N be a saturated set of clauses. Every blocked
closure C -6 € N* follows from U(N).

Using Theorems we obtain completeness of BLINC.

Corollary 1 (Completeness of BLINC). Let N be saturated up to redun-
dancy. If N does not contain OJ, then N is satisfiable.

We conclude with a remark on constraint inheritance in BLINC. Note that in
the Supg inference rule of Figure [3, constraints are inherited only from the
right premise. It is possible to block more inferences without losing refutational
completeness of BLINC, by allowing constraint inheritance from the left premise
in the Supg rule as well. However, we cannot propagate constraints that are non-
active in the left premise, as they may become active in the conclusion, making
the inference blocked. This effect is illustrated in the following example.

Ezxample 3. Consider a superposition into with [(3)
g(xz,b) ~a gla,z)~zx
a=b|{la b g(a,b) ~ a}

If b = a, then |a is the only active constraint in the conclusion. Consider a
superposition with where constraints are inherited from both premises:

a=bl{la b g(a,b) ~a} Plg(z,y), f(9(z,D),2))
P(g(z,y), f(9(z,a),2)) | {la,1b,g(a,b) ~ a,b~> a}

In the conclusion, |b and b ~~ a are both active, which blocks the inference. O

5 Redundancy Detection in BLINC

In this section we discuss redundancy detection in BLINC. We give sufficient
conditions for a clause to be redundant when inferences of a specific form are
applied. As usual, we call a simplifying inference, or simplification, any inference
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such that one of the premises becomes redundant after the conclusion is added
to the current set of clauses. Inference rules whose instances are simplifications
are called simplification rules. When we display a simplification rule, we will
denote clauses that become redundant by drawing a line through them.

Definition [7| gives rise to two kinds of simplification rules: (i) based on block-
ing and (ii) when one of the premises C - 6 follows from smaller constrained
clauses. The following definition captures the first kind of redundancy.

Definition 9 (Closure/Clause Blocked Relative To Closure/Clause).
A ground closure C is blocked relative to a ground closure D if for every set of
constrained clauses IV, if D is blocked w.r.t. N*, then C is blocked w.r.t. N*
too. A constrained clause C is blocked relative to a constrained clause D, if every
ground instance of C is blocked relative to some ground instance of D.

This notion will be used for defining simplification rules. We will next present
sufficient conditions for checking that a constrained clause is blocked relative to
another constrained clause. For example, each ground closure of a clause C' | §) is
unblocked w.r.t. any set N, hence everything is blocked relative to that ground
closure. Further, each ground closure with a reducible substitution is blocked
relative to its reduced closure.

Definition 10 (Well-Behaved Constrained Clause). Let C = C | I" be a
constrained clause. We say that C is well-behaved if (i) all constraints in I" are
active in C, and for each v € I, (ii) if v = {I, then Ju € I for all u <, and (iii)
if v =10~ 7, then Ju € I' for all u<[ and [ contains all variables of r.

Ezample 4. The clause P(a, f(b,2)) | {la, g(a,b) ~ a} is not well-behaved but
P(a, f(b,2)) | {{a,lb,g(a,b) ~ a} is. The clause a ~ b | {}a, b, g(a,b) ~> a} is
not well-behaved since it contains constraints not active in the clause. O

Lemma 4. (Relatively Blocked Well-Behavedness) Let C = C | I' and
D = D | A be well-behaved constrained clauses, and o a substitution. Then C is
blocked relative to D if C = Do and I' O Ac.

In the sequel, we assume that each constrained clause is well-behaved. We next
adjust two standard simplifications within superposition [14], namely demodula-
tion in Theorem [3]and subsumption in Theorem @ Our analogue of demodulation
is the following special case of Supg in BLINC:

~ (1) lo > ro,
(Dems) l=r|A ClloT where (2) Cllo] > (I = 7)o,
Clro] | I (3) Ao C T

Theorem 3. (BLINC Demodulation) Dems is a simplification rule. That is,
Cllo] | I is redundant w.r.t. any constrained clause set that contains | ~r | A
and Clro] | T.
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In addition to simplification rules, we will also consider deletion rules. These
rules delete a (redundant) constrained clause from N provided that N contains
another constrained clause or set of constrained clauses. The below deletion rule
is our analogue of subsumption:

DA C
(Subss) ‘7/% where

1) Do ¢ C, o
9) As C T, for some substitution o.

—~

Theorem 4. (BLINC Subsumption) Subss is a deletion rule. That is, C | I’
is redundant w.r.t. any constrained clause set that contains D | A.

We also introduce two deletion rules based on properties of the constraints of
a clause. Namely, in Theorem [§| we introduce a deletion rule resembling “basic
blocking” [24], whereas Theorem |§| exploits deletion based on rewrite orders.
Consider therefore the following rule:

(1) C > (I ~ 7)o and lo > ro,
l~r|A C (2) Ao C T,
(Blocks) T where (3) either (i) o € I’
or (ii) lo ~ 7' € " and 1’ > ro.

Theorem 5. (BLINC Blocking) Blocks, is a deletion rule. That is, C | I is
redundant w.r.t. any constrained clause that contains | ~ r | A.

Our last deletion inference relies on the fact that all rewrite rules in any partial
model have to be oriented left-to-right according to . That is,

) M where (1) r-1

(Orient (2) C = (I ~7).

Theorem 6. (BLINC Orientation) Orients is a deletion rule. That is, C |
I'U{l ~ r} is redundant w.r.t. any constrained clause set.

We illustrate the above simplification and deletion rules with the following ex-
ample.

Ezxample 5. Consider the following well-behaved constrained clauses:

(1) P(g(a,2),b) [ {1b, f(x,0) ~ b}, (2) P(g(y, 2), w) | {f(z,w) ~ b}
(3) g(a,z) ~b [ {{b}, 4) flz,y) ~alb

By Theorem |4 clause (2) subsumes clause (1). By Theorem (3| clause (1) can
be simplified with clause (3) into P(b,b) | {lb, f(x,b) ~» a}. Finally, assuming
b > a, clauses (1) and (2) are redundant w.r.t. clause (4) by Theorem [5| O

Remark 1. (Simplification Heuristics via Unblocking) We note that fur-
ther simplifications (and heuristics) can be implemented by removing constraints
from constrained clauses. This process of removing constraints is captured via
the following rule:
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. UEQ PEQ
Variant Solved | Uniques | Solved | Uniques
baseline 778 15 1276 34
blincl 316 0 411 0
blinc2 327 0 425 0
blinc3 610 0 809 0
blincd 775 13 1270 28

Fig. 4. Experimental comparison using variants BLINC in Vampire, using 1455 UEQ
problems and 2422 PEQ problems.

C

Unblock 4 where A CT.

( )G A

Clearly, Unblock is a simplification rule, as removing constraints from a con-
strained clause preserves completeness in BLINC.

We conclude this section by noting that Theorems can be adjusted and
combined using the ground redundancy of Definition [7} This results in stronger
redundancy detection, as the following example illustrates.

Example 6. Consider the following Sup inference:

g(f(v,w),a) ~ g(w,a) | O f(g(f(z,y),2), fly,x)) =~z |0 v

fl9(y,a), fly,2)) ~al A o= ’LZ:Z ,

where A = {]f(z,v),1f(y,2),la,g(f(z,y),a) ~ g(y,a)}. Note that the conclu-
sion is a well-behaved constrained clause. The conclusion cannot be simplified
by clauses

(1) f(z,y) ~ f(y,2) and (2) f(z,2) >z,
using any of Theorems [3}[6] However, using similar conditions as in the Blocks,
deletion rule, we can do the following. Let 6 be a substitution that makes the
conclusion ground. By a comparative case distinction on 6 and 30,

(i) if 20 > y0, then using clause (1), by |f(z,y) € A and f(z,y)0 > f(y,z)6;
(ii) if 20 = yb, then using clause (2) by |f(xz,y) € A (or lf(y,z) € A),
flx,y)0 = f(x,z)0 = 20 (or f(y,z)0 = f(x,x)0 > x6); and
(iii) if 6 < yb, then using clause (1) again, by |f(y,xz) € A and f(y,z)8 =
[z, y)b;

we conclude that the ground closure (f(g(y,a), f(y,x)) ~a | A)- 6 is redundant
in all cases, hence the conclusion is redundant w.r.t. clauses (1) and (2). O

6 Evaluation

We implementecﬂ BLINC in Vampire [20], together with the simplification rules
of Section [} We have also implemented a redundancy check called orderedness

* https://github.com/vprover/vampire/commit/9c42b448996947e8


https://github.com/vprover/vampire/commit/9c42b448996947e8

14 Maérton Hajdu, Laura Kovacs, Michael Rawson, and Andrei Voronkov

that eagerly checks if the result of a superposition can be deleted. We experi-
mented with several variants of BLINC with redundancy elimination, using differ-
ent heuristics for removing constraints from clauses via Unblock: (i) blinc1 does
not use Unblock; (ii) blinc2 uses Unblock to remove constraints inherited from
premises, hence only conclusions of Supg will contain constraints; (iii) blinc3
uses Unblock occasionally on the clause that would simplify the most clauses in
the search space when unconstrained; (iv) blinc4 uses Unblock on all clauses at
activation. We compare these to standard superposition (baseline).

All our experiments use a DISCOUNT saturation loop [I1] and a Knuth-Bendix
ordering, with a timeout of 100 seconds and without AVATAR [30]. We used
benchmarks from TPTP version 8.1.2 [29], in particular all benchmarks from
the unit equality (UEQ) and pure equality (PEQ) divisions.

Our experimental results are summarized in Figure |4} The results show that
blincl performs poorly compared to baseline, blinc3 and blinc4, and that
blinc2 performs only slightly better than blincl. The variant blinc3 performs
much better than blincl and blinc2 but it is still does not solve any new prob-
lems. The variant blinc4 performs however similarly well to the state-of-the-art
baseline, while solving also different, 13 unique, benchmarks. Our preliminary
results are therefore encouraging for complementing state-of-the-art superposi-
tion proving with BLINC reasoning, possibly in a portfolio solver.

We also analysed the impact of BLINC variants on skipping superposition
inferences during proof search. Figure [f] shows the distribution of benchmarks
by percentage of skipped superposition inferences among all superposition in-
ferences during our runs for blinc variants. blincl skips more than half of
superposition inferences in a significant number of benchmarks, while the least
restrictive blinc4 still reduces the number of superposition inferences by a sig-
nificant amount in most benchmarks.

7 Related work

The basicness restriction [26/15] was extended to first-order logic, for example,
in basic superposition [25] and basic paramodulation [7]. The former uses ground
unification, the latter closures and variable abstraction to capture irreducibility
constraints. In basic paramodulation, redex orderings are used similarly to S-
orderings in our framework. BLINC expresses more fine-grained blocking, for
example, distinguishing between different superpositions on the same term.

Several critical pair criteria in completion-based theorem proving use irre-
ducibility notions. Blocking [4] is similar to basicness, while compositeness [416)
forbids any superpositions into terms with reducible subterms. General superpo-
sition [32133] avoids superpositions when more general ones or ones symmetric
in variables have been performed. Our BLINC framework handles all such restric-
tions. These criteria are instances of the connectedness criterion [3], which has
been also explored in ground joinability [1], ground reducibility [21] and ground
connectedness [13].
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400 ——— 00  blinct Im  blinc2 0@ blincs 00 blinca
300 avg: 30.2% avg: 22.9% avg: 17.8% avg: 18.7%
mdn: 24.9% mdn: 22.4% mdn: 17.4% mdn: 18.9%
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Fig. 5. Distribution of UEQ (top) and PEQ (bottom) benchmarks by ratio of skipped
superpositions to all superpositions, showing also average (avg) and median (mdn).
For example, using blinc1, on average 30.2%, resp. 26.0% of superpositions can be
skipped in UEQ), resp. PEQ benchmarks.

More general irreducibility constraints were considered in completion [22] and
in superposition [I7], the latter using a semantic tree method for completeness.
Ordering constraints [9UI0/19] and unification constraints [827] have also been
considered, usually moving them to the calculus level. Extending and generaliz-
ing our BLINC framework with such constraints is a future challenge.

8 Conclusions

We introduce reducibility constraints to block inferences during superposition
reasoning. Our resulting BLINC calculus is refutationally complete and is ex-
tended with redundancy elimination, allowing us to maintain efficient reasoning
when compared to state-of-the-art superposition proving. Integrating our ap-
proach with further inference-blocking constraints, such as blocking more gen-
eral or outermost superpositions, is an interesting line for future work. Adapting
our framework to domain-specific inference rules, e.g. in linear arithmetic or
higher-order superposition, is another line for future work.

Other interesting directions are (i) the use of a stronger semantics of con-
straints, as in Definition [10| and (ii) a “hybrid calculus”, improving on blinc3,
where we still use constraints for blocking generating inferences but relax them
whenever they prevent us from applying a simplification or a deletion rule.
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Appendix

Proofs
Lemma 5. If Rc = C, then for all D > C we have Rp = C.

Proof. If a positive literal s ~ t of C is true in R<c, then s |[g_. t. Since no
rules are ever removed during the model construction, then s |z, t, s Lr_, t and
s Lr., t. If a negative literal s %2 ¢ of C is true in R<c, then s J/r_. t. Consider
a productive closure D > C, producing a rule [ — r. By the productive closure
definition in Definition [f] / is the maximal term in D. If I — r reduces a subterm
of s % t, it means that D < C, contradiction. This also implies s J/r__ t. ad

Lemma 6. IfC-0 = (I ~rVvC'|I)-0 is productive, then Rop., = C'0 for
any D-o > C-0, and Ry = C'0.

Proof. All literals in C’6 are false in R.c.¢9 by Definition @ For all negative
literals (s % t)0 in C'6), if they are false then s |r_. , tf. Since no rules are ever
removed during the model construction then s6 |r_,  t0 and s0 |g_ t6. For
all positive literals (s ~ t)¢ in C’0, if they are false in R¢.g then s6 Yr_., t0.
By Definition [6] we have 10 = s0 and 16 = tf. Any closure D - o that produces a
rule I'c — 7’o which reduces sf or t6 must have either have I'c < [0, in which
case either D -0 < C -0, or I'c = 16, in which case whichever clause is bigger
would not be productive due to Definition [6] a

Lemma 7. R, is non-overlapping, terminating and hence canonical.

Proof. R is terminating since [ > r by construction for all rules | — r € R.
Assume R, is overlapping, meaning there are two different rules I — r and
I — 7' such that w.l.o.g. [ < I’. This means that when generating the rule
" — ', I’ is reducible by I — r (since it was generated by a smaller closure).
But then I’ — 7/ is not generated by definition of productive closure. Hence, R
is non-overlapping. a

Lemma 8. Let ! be a term and C and D two clauses. If C' = D and s 3 1 for
all terms in C, then s 3 1 for all terms in D as well.

Proof. Tt follows from the bag extension definition of > for terms. a

Lemma 1. (Unblocking Inferences) Suppose C,D € N and 0 and o are
substitutions irreducible in Roc.9 and in Rsp.s, respectively. If C -6 = D - o,
0D Ao and C - 0 is unblocked w.r.t. N, then D - o is unblocked w.r.t. N.

Proof. Let us assume contrary to the claim that the above conditions hold but
D - o is blocked w.r.t. N. We consider the following two cases.

(i) There is an irreducibility constraint | € Ao which is active in D - ¢ and
not satisfied by R<p.,. By Lemma [§l and C - 0 >~ D - o, it is also active
in C - . Moreover, we have that [ is reducible in R.p.,, which implies by
R_.p.o € Rc.g that [ is also reducible in R-¢.g. Hence, C -0 is blocked w.r.t.
N, contradiction.



Reducibility Constraints in Superposition 19

(ii) There is a one-step reducibility constraint | ~» r € I’ which is active in
D - o and not satisfied by R4p.,. By Lemma[§and C-60 > D - o, it is also
active in C - . Moreover, we have | — r ¢ Rop.,. If | = r ¢ R_c.g, the
constraint is not satisfied by R.c.¢ either, hence C - 8 is blocked w.r.t. N,
contradiction. Otherwise, there is a closure C’ - ¢ which produced | — 7 s.t.
C-0 = C'-p = D-o and by definition of productive clause, the maximal term
in C’c is [. But then s = [ cannot be the case for any s occurring in Do, so
the constraint is not active in Do, contradiction. a

Lemma 2. (Redundancy with Blocked Clauses) Let C be a constrained
clause. If C is blocked, then all ground instances of C are blocked w.r.t. N.

Proof. Let C = C' | I" be a blocked constrained clause and assume to the contrary
that C-0 is unblocked w.r.t. some constrained clause set N. The first case is when
I' contains two constraints [ ~» r and [ ~» r’ active in C such that r and r’ are
not unifiable. Then, s > [ for some s in C implies s6 > [0 for some s occurring
in C#, and there are [0 — 70,10 — 1’0 € R_¢.¢ since C - 0 is unblocked w.r.t. N.
Since r and 7’ are not unifiable, we get 76 # 1’6, so one of the rules is reducible by
the other, which contradicts this rule being produced by Definition [6] Otherwise,
I’ contains two constraints [ ~» r and |l active in C. Again, s > [ for some s in
C implies s0 > [0 and sf is in CH. We also have that [0 — r0 € R-c.9 and 10 is
also irreducible in R.¢.g, which is a contradiction. a

Lemma 3 (Unblocked Supy). Suppose that (a) D = stV D | I is a con-
strained clause in N, (b) D -0 a ground closure unblocked w.r.t. N, (c) 0 is
irreducible in Rop.g, (d) s = t0, (e) sO is reducible in R<p.g.

Then there exist a constrained clause (I ~rV C' | II) € N, a Sups -inference

l~rVvC| I sulxtvD|T

Sups) — i ve v Do | A

and a substitution T such that (i) Dot = D0, (i) L ~rNVC | Il -o7 is productive,
and (s[rjxtVv CV D)o | A- ot is unblocked w.r.t. N.

Proof. Consider the following set:
A= {1’9 | I 4 s non-variable and I'0 — r6 € R<D.9}

The set A cannot be empty, as it would contradict either that D -6 is unblocked
w.r.t. N and 6 irreducible in R4p.g, or that sf is reducible in R_p.9. Hence,
A is non-empty, and by well-foundedness of 3, there is (at least) one smallest
element /'8 in A w.r.t. 3, corresponding to some rule I'0 — rf € R_p.g. There
is a clause (I~ rV C | IT) € N such that the ground closure (I ~rVv C | II)-0
is productive and produces I'0 — rf. Moreover, there is a Sups inference

l~rvC| I sl'|~<tvD|T

(s[r]2tvCVvD)o| A
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where ¢ = mgu(l’,1) and A = I'c U B5(so,lo) U {lo ~ ro}. Let us denote
the clause (s[r] 2tV CV D)o | A by D'. Take the instance D' - p = ((s[r] #
tVCV D)o | A)-p where § = op. By idempotence of o we have D’'-p = D’-0. Now
assume contrary to the claim that D’ - @ is blocked w.r.t. IV, that is, either there
is a variable z s.t. zo# is reducible in R-pr.g, or R4pr.g violates some constraint
in A6 that is active in D’ - 0. In the first case, z6 is reducible, contradicting that
both premises are unblocked w.r.t. N (since x is in one of the premises). We
note here that ({ ~ Vv C | IT) -6 cannot contain any reducible terms at or below
variable positions either, otherwise it would follow from a smaller closure in N*
and would not be productive. Otherwise, R.p.¢ violates some constraint in A6
that is active in D’ - §. We distinguish the following three cases:

(i) R<pr.g violates a constraint in I'of. This case is similar to Lemma

(ii) If Rypr.g violates a constraint in Bs (so, (o), then by definition of B, there
is a non-variable uo in so, s.t. lo © uo and Jucl € Bs(so,lo)d s.t. uob is
reducible in Rpr.g. If u is a variable, we get that uof is reducible in Rpr.g,
and D - 0 is blocked w.r.t. N, contradiction. It is straightforward to prove
that D-0 = D’ -0 (see, for example, Subcases 4.2 and 5.2 in Theorem. By
D-0 = D'-6, we have Rsp.g O R<pr.g, hence uof is also reducible in Rp.g.
Hence, due to u not being a variable, uf ~» wf € A for some w. But then,
by stability of © under substitutions, lo © uo implies l60 > uof implies
10 3 uf, hence I'6 is not smallest w.r.t. ® in A, contradiction.

(iii) If R<pr.g violates {lo ~~» ro}f, then it violates lg@ ~» rof, which means
lo® — ro@ ¢ R pr.g. By construction of A, we have lof — rof =10 — rf €
R_p.g, and as noted earlier, this rule is produced by (I ~ rV D’)-6. Moreover,
we have (I~ rV D')-0 = D’-60. But then, by definition of productive clause,
10 is the maximal term in (Il ~r Vv D’) - 6, which means s > [0 cannot be
the case for any term s occurring in D’f, hence [ ~ r is not active in D’6,
contradiction.

We have covered all cases, which proves the claim. a

Theorem 1 (Model of U(N)). Let N be saturated up to redundancy and O ¢
N. Then for each C € U(N) we have Rc = C.

Proof. Assume, by contradiction, that O ¢ N and U(N) contains a ground
closure C such that Rc £ C. Since > is well-founded, then N* contains a
minimal non-blocked closure C -6 such that Re.g = C-6. By induction hypothesis
all closures D -0 € U(N) such that D-o < C-6 have Rp., =D -0, then we have
Rzco ED o (and Re.g =D - o). Consider the following cases.

Case 1. C is redundant w.r.t. N.

Proof. By definition, C - 8 follows from smaller closures in U(N). But if C - 0 is
the minimal closure which is false in Rc.g, then all smaller D-o € U(N) are true
in Rp.,, which (as noted above) means that all smaller D - o € U(N) are true
in Re.g, which means C - 6 is true in R¢.g, contradiction. O

Case 2. C contains a variable x such that 6 is reducible in R_¢.g.
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Proof. Then, the reduced closure C-¢’ of C-# is unblocked w.r.t. N and C-6’ # C-6.
Then C-60 = C -0, and therefore C -6’ is true in Re.g. Since 20 | g, , t, then C -0
is also true in R¢.g, contradiction.

O
Case 3. There is a reductive inference Cy,...,C, = D with Cy,...,C, € N
which is redundant w.r.t. N such that (a) {C; -6,...,C,, -0} CU(N), (b) D-0
is unblocked w.r.t. N, (¢) € -6 = max{C; - 0,...,C, -0}, and (d) D-0 =C - 6.

Proof. Then D -0 is implied by closures in U (N) smaller than C -6 (since C-0 €
U(N), see Definition . But since those closures are true in R¢.g, then D - 6 is
true, and since D - 6 implies C - 0, then C - 0 is true in Rc.¢, contradiction. a

Case 4. None of the previous cases apply, and C contains a negative literal which
is selected in the clause, i.e., C-0 = (s £tV C | TI') -6 with s % t selected in C.

Proof. Then either s6 Jr, , td and C-0 is true and we are done or else s | g, , t6.
By Definition @(1) and (iv), C - 6 is only productive if (s 2 ¢) - 0 is false in R-c.g
and Rec.g, 0 s0 Lr_ ., t0 iff 50 [ g., t0. W.lo.g., let us assume s6 = t6.

Subcase 4.1. st = tf.
Proof. Then s and t are unifiable and there is an equality resolution inference
s¥tvC| T

Col|Io

with premise in N. Take the instance D - p = (Co | I'c) - p of the conclusion
such that op = 6; it always exists since o = mgu(s,t). Also, since the mgu is
idempotent [2] then 06 = o(op) = op =0,s0 Co-p=Co -0 and I'ch = I'0.
Showing that C - § = D - 6 follows from the multiset of Cof being a strict
submultiset of C. If Co - p is true in R<c.¢ then (s 2 ¢V C) - op must also be
true. Recall that Case 3 does not apply. But we have shown that this inference
is reductive, with C € N, C -0 trivially maximal in {C -0}, C-6 € U(N) and that
D - 6 implies C - §. Moreover, by C -0 > D -0 and I'op = I'c = I', Lemma []]
applies and D - # is also unblocked w.r.t. N. Also, using the contraposition of
Lemma[2} we get that the conclusion is not blocked, and condition (2) of EqRes.,
is satisfied. So for Case 3 not to apply the inference must be non-redundant. Also
since Case 1 does not apply then the premise is not redundant. This means that
the set is not saturated, which is a contradiction. a

Subcase 4.2. s0 > t0

Proof. Then (recall that s |r_., t0) sf must be reducible by some rule in
R-c.o. Let us say that this rule is 10 — 70, produced by a closure D - 0 € U(N)
smaller than C-6. Case 2 does not apply, hence [ is not under a variable position
in s. The closure D - must be of the form (I ~ rV D) -0, with [0 ~ rf strictly
maximal in DO, and D@ false in Rp.g. Also note that D cannot be redundant, or
else D - 0 would follow from smaller closures in U(N), but those closures (which
are smaller than D - § and therefore smaller than C - 6) would be true, so D - 6
would be also true in R-p.g, so by Definition [f]it would not be productive. Then
16 = I'6 for some subterm [’ of s, meaning [ is unifiable with !’, meaning there
exists a superposition inference

o = mgu(s,t)
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l~rVvD|I sl'|¢tvC|I

(s[r] 2#tvCVD)o| A

where 0 = mgu(l,!’) and A = I'cUBs (so,lo)U{lo ~ ro}. Consider the instance
(s[r] 2¢vCVD)o-pwith op = 0, and call this instance C-6. Showing that C-0 >~
C’-6 amounts to showing (s[lI'] 2 tVC)0 = (s[r] 2 tVCV D)0, which means (after
removing common elements from multisets), comparing {{s[l']0, s[I']0,t0,t0}}
with the multiset induced by (s[r] 2 t v D)#. This follows from (i) s[I']0 = s[r]0
due to 10 = r0, and (ii) {{s[l']0, s[l']0,10,t0}} greater than the multiset induced
by L6 for all L8 € DO due to s0 > 10 = rf and (I ~ r)0 being maximal in DE.
Note also that C - 0 is maximal in {C - 0,D - 6} and by Lemma [3| we can
select D - 6 s.t. C' - 6 is unblocked w.r.t. N. Since C’ - 6 is unblocked w.r.t. N,
using the contraposition of Lemma[2] we get that the conclusion is not blocked,
and condition (5) of the Supg is satisfied. Also, since D - 0 is false in Rc.g (by
Lemma ) and (s[r] % t)-0 is false in R-c.g (since (s % t)-6 is in the false closure
C-0,1'0 lr_., rf, and the rewrite system is confluent), then in order for C’- 6 to
be true in Re.g it must be the case that Cop is true in R-c.g. But if the latter
is true then C - 0 is true, in R_c.¢. In other words C’ - § implies C - 6. Therefore
again, since Case 1 and Case 3 do not apply, we conclude that the inference is
non-redundant with non-redundant premises, so the set is not saturated, which
is a contradiction. a

Case 5. None of the previous cases apply, so all selected literals in C are positive,
ie,C-0=(s~tVvC|TI)-0 with s ~ t selected in C.

Proof. Then, since if the selection function does not select a negative literal then
it must select all maximal ones, w.l.0.g. one (and only one) of the selected literals
s ~ t maximal in C must have s ~ tf maximal in C#. Then if either C - 0 is
true in R=c.9, or Re.g = R<c.oU{s0 — t0}, or s = 6, then C -0 is true in Re.g
and we are done. Otherwise, C - 0 is not productive, C - 0 is false in R-¢.¢, and
w.lo.g. s > t0.

Subcase 5.1. sf ~ t# maximal but not strictly maximal in C6.

Proof. If this is the case, then there is at least one other maximal positive literal
in the clause. Let C-0 = (s ~tVs ~t/vVC' | I')-0, where s = 5’0 and t = ¢'0.
Therefore s and s are unifiable and there is an equality factoring inference:

s~tvs ~t'vC'| T
o
(s~tVvtgtVvCo|To

Take the instance of the conclusion C’' - p= ((s ~tVt#t'VC')o | o) p with
op = 6. Showing that C -6 = C’ - p and that C’ - p implies C - § is straightforward
based on [13]. Hence, the inference is reductive and from I'op = I'0, by Lemmali]
we have that R, satisfies I'0 = I'op, hence C’- p is unblocked w.r.t. N, which
by Lemma [2] also means that the conclusion is not blocked, satisfying condition
(3) of EqFacg. Hence, we get a contradiction similarly to Subcase 4.1. O

= mgu(s, s’)

Subcase 5.2. s ~ tf strictly maximal in C, and sf reducible (in R=c.g).
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Proof. This is similar to Subcase 4.2. If s6 is reducible, by Lemma [3| we have
that there is a superposition which results in an unblocked closure C' - 6 w.r.t.
N. Let the reducing rule be [0 — 6, then (since C - 6 is not productive) this is
produced by some closure D - § smaller than C -0, with D-0 = (Il ~r Vv D) -0,
with 10 ~ rf maximal in D6, D not redundant, and with D - 0 false in R<p.g.
Then there is a superposition inference
l~rvD s[l'l]~tvC| T
(s[rj~tvCVD)o| A

where 0 = mgu(l’',1) and A = I'c U B(so,lo) U {lo ~ ro}. Again taking the
instance C' - p = ((s[r] 2tV CV D)o | I'c UB(so,lo)) - p with op = 0, we have
C'-p =C"-0 and showing that C’ -0 is smaller than C - 0 is straightforward based

n [13]. Furthermore since D - § and C are false in R<c.g, then C’ - 6 is true
in Rc.g iff (s[r] ~ t)o - 6 is. But since also I'0 |r_,, r0, then (s[r] ~ t)o -6
implies (s[I'] ~ t)o - 6. So again by Lemmal[3] - is unblocked w.r.t. N, and by
Lemma [2| the conclusion is not blocked, satisfying condition (5) of Sups. Also,
C’ - 6 implies C - 0. Again this means we have a contradiction. a

Subcase 5.3. st ~ tf strictly maximal in C8, and s6 irreducible (in R<c.g).

Proof. Since C - 0 is not productive, and at the same time all criteria in Defini-
tion [6] except (iv) are satisfied, it must be that condition (iv) is not, that is C
must be true in Re.p = R<c.g U {s0 — t0}. Then this must mean we can write
CH = (s ~t' v "0, where the latter literal is the one that becomes true with
the addition of {s — t0}, whereas without that rule it was false.

But this means that s'0 | r_, , t'6 such that any rewrite proof needs at least
one step where s — t6 is used, since s is irreducible by R.c.9. W.l.o.g. say
s'0 > t'6. Since {s0,t0} = {s'0,t'0}, sO = t, and s'0 = t'0, then s0 = s'0 = t'0,
which implies ¢'6 % s6, which implies s — tf cannot be used to reduce #'6, and
similarly, nor to reduce s'6 if s6 = s'6. Thus the only way it can reduce s'6 or
t'6 is if s6 = s’f. This means there is an equality factoring inference:

S~t'Vs~=tvC| T
(s ~t'Vt£t'vC)o|Io,
Taking 6 = op, we see that the instance of the conclusion (s’ ~ ¢Vt 2 t'VC")o-p
is smaller than the instance of the premise (s’ ~t'Vs~tVC’)-op (see Subcase
5.1).

But we have said that s'0 | g ., t'0, where the first rewrite step had to take
place by rewriting s'6 = sf — tf, and the rest of the rewrite proof then had to
use only rules from R_c.g. In other words, this means t6 |z _. , t'6. As such, the
literal (¢ %2 t')-0 is false in R<c.9, and so the conclusion is true in R¢.g iff rest of
the closure is true in R4c.g. But if the rest of the closure (s’ ~ 'V C")o - p is true
then so is C- 0, so that instance of the conclusion implies C-6. The inference being
reductive and op = 6, by Lemma [I] we also have that instance of the conclusion
is unblocked w.r.t. N. Hence, by Lemma condition (3) of EqFacy is satisfied.
Once again, this leads to a contradiction since none of Cases 1 and 3 apply and
therefore the set must not be saturated. ad

o =mgu(s,s’)
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Definition 11. Given a saturated set of clauses N and a constrained clause
C € N. Let C - 6 be a ground closure where 6 is irreducible w.r.t. R-c.9. We
define the blocked depth of C - 0 as:

0 if C - 0 is unblocked w.r.t. N,
bd(C - 0) := ¢ 1+ maxi<;<n(bd(C; - 0)) if there is a BLINC inference
Cl, ,Cn FC s.t. Cl, ,Cn eN

Lemma 9. Given a saturated set of clauses N, every closure C -0 € N* with
irreducible 0 follows from some closures Dy -0, ..., D, -0 € U(N).

Proof. By induction on bd(C-0). If bd(C-0) = 0, C-0 € U(N) trivially follows from
itself. Otherwise, C - 6 is blocked w.r.t. N but 6 is irreducible in R-¢.g, so there
must be a BLINC inference Cy,...,C, F C with Cq,...,C,, € N. By definition of
blocked depth, for all C;, bd(C;-0) < bd(C-8), hence by induction hypothesis, they
are all implied by some closures D;1 - 0, ..., Djp, - 0 € U(N) for 1 < i < n. Since
these inferences are sound, we have that C-6 also follows from D110, ..., Dy -0 =

O

C-4.

Theorem 2 (Model of N*). Let N be a saturated set of clauses. Every blocked
closure C -6 € N* follows from U(N).

Proof. By Lemma [0} we only have to consider C - 6 with reducible 6 in R_c.g.
In this case, we have z1,...,x, s.t. ;0 = s; —>§oc t; for all 4 and some normal
form ¢;. Let us consider 0’ := (6 \ {x; — s; | i}) U{z; — ¢; | i} which is now
irreducible. From Lemma[0] we get that C- ¢’ follows from closures in #/(N) and
by x;0 | r., t; for each i, C - 6 also follows from these closures in U(N). O

Lemma 10. LetC=C | I and D = D | A be well-behaved constrained clauses,
and o a substitution s.t. C = Do and Ao C I'. Each ground closure C - 0 1is
blocked relative to the ground closure D - gf.

Proof. Take a substitution 6 s.t. C6 is ground. By C > Do, then Dof is also
ground. Let C - ¢ be the reduced closure of C - 6, and let D - p be the reduced
closure of D - 06’. We show that C - 6 is blocked relative to D - p. Let N be a set
of constrained clauses. Assume contrary to the claim that C - # and hence also
C - ¢ is unblocked w.r.t. N, while D - p and hence D - g6’ are blocked w.r.t. N.
Note that we have C-60 = C -0 = D -0’ = D - p. We consider two cases.

Case 1. There is |[Ip € Ap which is active in Dp and [p is reducible in R<p.,.

Proof. Then, by Ac C I', we have [I'0/ € I'0’ s.t. I’ = lo and either the con-
straint is not active in C - 8" or I'6’ is irreducible in R<c.¢-. If I'0" = lp, then
by C-¢ > D-pand Ric.o 2 R<sp.p, we have that [I'0" is active in C - 6 and
reducible in R_c.g/, hence C - 6 is blocked w.r.t. N, contradiction.

Otherwise, '8’ # lp and there is v’ Q' s.t. v/0’ is reducible in R4p.o¢:. By
well-behavedness of C and due to [’ € I', in all cases we have v'0’ € I'0’. Since
Jl is active in D by well-behavedness of D, we have s = loc = I’ = u for some s
in Do and C = Do, which implies |u’6’ is also active in C - 8’ and u'#’ reducible
in R4c.gr, hence C - 0 is blocked w.r.t. N, contradiction.
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Case 2. Thereis lp ~» rp € Ap such that it is active in Dpand lp — rp ¢ Rip.,.

Proof. Then by Ac C I', we have '8’ ~ 7’0/ € I'¢' s.t. I’ = lo and either
the constraint is not active in C - 6" or I'60' — r'0’ € Roc.or. If 1’0’ = lp, then
by C -0 = D - p, we have that I'0’ ~ '’ is active in C - ¢’. Then it must be
that I'0" — r'0’ € R_¢.¢:. By the well-behavedness condition that I’ contains all
variables of ' and [ contains all variables of r, we must have '8’ = rp as well.
Then, there is a closure C’ - ¢ which produced I'6/ — '8’ s.t.C-0' = C'-n=D-p
and by definition of productive clause, the maximal term in C'n is I’6’. But then
s = 1’0" cannot be the case for any s occurring in Dp, so the constraint is not
active in Dp, contradiction.

Otherwise, '8’ # Ilp and there is v’/ < I’ s.t. v’ is reducible in Rp.q¢.
Note that v’ # I’ as that would mean that [ is a variable which by definition
cannot happen (see Definition . So v’ <«l’, and by well-behavedness of C, we
have v'6’ € I'¢. Since |l is active in D by well-behavedness of D, we have
s = lo =1 = u for some s in Do and C = Do, which implies |u’'6’ is also
active in C - 6’ and u'0’ reducible in R_¢.¢/, and again, C - ¢’ is blocked w.r.t. N,
contradiction.

The above cases have shown that C - 6’ is blocked relative to D - p which implies
that C - 8 is also blocked relative to D - p. Finally, we argue that C - 8 is blocked
relative to D - gf. If D - p is the reduced closure of D - 06, we get the claim by
definition. Otherwise, there is some rule I — r € R4c.9 \ R<p.o¢ which reduces
xof for some variable x in D. This rule is produced by a closure greater than
D - 06, which means that xcf has to be the greatest term in D - §. By well-
behavedness of D, then it cannot be constrained, as that would mean x > s for
some non-variable term s in D (see Deﬁnition. Then, D- o6 is unblocked w.r.t.
N and C - 0 is trivially blocked relative to it. a

Lemma 4. (Relatively Blocked Well-Behavedness) Let C = C | I' and
D = D | A be well-behaved constrained clauses, and o a substitution. Then C is
blocked relative to D if C »= Do and I' O Ao.

Proof. 1t follows from Lemma a0

Theorem 3. (BLINC Demodulation) Dems is a simplification rule. That is,
Cllo] | I is redundant w.r.t. any constrained clause set that contains | ~r | A
and Clro] | T

Proof. We present the rule again here for clarity:

- (1) lo > ro,
(Demy) L= 14 CllottT (2) Cllo] = (1 ~1)a,

where
Clro] | I (3) Ao C I

Let C = Cllo] | I' and D = C[ro| | I and let N be a set of constrained clauses
st. (I ~r | A) and D are in N. Take a grounding substitution 6. If C - 6 is
blocked w.r.t. N, we are done. Otherwise, take the reduced closure C -6’ of C - 6.
By Lemma C - 0" is blocked relative to the closure (I ~ r | A) - o6’ which



26 Maérton Hajdu, Laura Kovacs, Michael Rawson, and Andrei Voronkov

is then also unblocked w.r.t. N and hence is in U(N). Moreover, this closure
together with the instance D - 6" imply C - 6'. Moreover, C- 0" = (I ~r | A) - 06’
follows from C > (I ~ r)o and C - 8" > D - ¢’ follows from the monotonicity of
>. Lemma (1| also applies due to C -6 = D - 6" and 0’ being irreducible, hence
R_p.¢ satisfies I'0’, and hence D - §' is unblocked w.r.t. N and is in U(N) as
well. Consequently, C - 8’ and hence also C - 6 follow from smaller closures in
U(N). Hence C is redundant w.r.t. N. O

Theorem 4. (BLINC Subsumption) Subss is a deletion rule. That is, C | I’
is redundant w.r.t. any constrained clause set that contains D | A.

Proof. We present the rule here again for clarity:

-
(Subss) M where g; ZA)Z ’g“ ?: for some substitution o.

Let C=C | I'and D = D | A and let N be a set of constrained clauses s.t.
D | A € N. Take a grounding substitution 6. If C - 6 is blocked w.r.t. N, we are
done. Otherwise, take the reduced closure C - 8" of C - 6. By condition (1), we
have C¢' > Dob’ and hence Lemma [10] implies C - 6’ is blocked relative to the
closure D - 06, so D - 06’ is also unblocked w.r.t. N and is in U (N). Moreover,
D - o then implies C - 0, hence C - 6’ and also C - 0 follow from smaller closures
in U(N). Hence C is redundant w.r.t. N. O

Theorem 5. (BLINC Blocking) Blocks, is a deletion rule. That is, C | I is
redundant w.r.t. any constrained clause that contains | ~ r | A.

Proof. We present the rule here again for clarity:

(1) C > (I~ 7)o and lo > ro,
I~r|A C (2) Ao C T,
(Blocks) ST ihere (3) either (i) Yo € T
or (ii) lo ~ 1" € I" and 1’ > ro.

Let C = C'| I' and let N be a set of constrained clauses s.t. (I ~r | A) € N. Take
a grounding substitution 6. If C - 6 is blocked w.r.t. N, we are done. Otherwise,
take the reduced closure C - 6’ of C - . By Lemma[d] C - 6 is blocked relative to
the closure (I ~ r | A) - o¢’, which is also unblocked w.r.t. N. We consider the
following two cases:

Case 1. [0/ is irreducible in R (~r|a).c0'-

Proof. By lo = ro, (I ~r | A)-o6 is also productive, and by C > (I ~ r)o we
have lo0' — rof’ € R_c.q.

(i) If Jlo € I, then [lo¢ € I'¢’, and by C = (I ~ r)o, we have C0' » (I ~
r)of’, which implies s > [ for some s in C#" and |lof' is active in C¢'.
Hence, R.c.o 2 R(j~r|a).0or Violates [lo0', so C - 6" is blocked w.r.t. N,
contradiction.
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(ii) If lo ~ 1’ € I’ with v’ > ro, then lo®’ ~ '§’ € I'0’, and by C > (I ~ )0,
we have C0' > (I ~ r)of’, which implies s = [ for some s in C¢ and
lo#" ~ 1’6" is active in C#'. Hence, by 1’ # ro, Ric.or 2 Ro(jmr()00r
violates lg6 ~ 7'60’, so C - ¢ is blocked w.r.t. N, contradiction.

Case 2. o/ is reducible by some u — w € R_(1~r2).000-

Proof. Then, there is some non-variable v/ < lo s.t. «'6/ = u (at or below
a variable position contradicts §’ being irreducible). If v’ # lo, then by well-
behavedness, since u’ is non-variable, |u’ € I". Then, by C0" = (I ~ r)cf’, there
is s = lof' = u'¢ for some s in CO and |u'6’ is active in CH'. Hence R .9 2
R_(1~r|A).c0r Violates I'0', contradiction. Otherwise, v’ = lo. If |lo € I', we get
a contradiction similarly as in Case 1(i) above. If lo ~~ ¢/ € I" with 7’ > ro,
then lo@’ ~ '8’ € I'0’, and this constraint is active in C¢’ for similar reasons
as in Case 1(ii). Now, assume lo@ — 1’0’ € R_c.¢,. This can only happen if
7’0" = w. But then, by ' = ro, we have r'¢’ = rof’, which implies that the
closure producing lo@’ — r'8’ is greater than (I ~r) - 06’ contradiction. O

Theorem 6. (BLINC Orientation) Orients is a deletion rule. That is, C |
I'U{l ~ r} is redundant w.r.t. any constrained clause set.

Proof. We present the rule here again for clarity:

(Ords) MC—M where (1) r -1,

(2) C = (I ~7).

Take a grounding substitution # and let N be a set of constrained clauses. We
argue that (C'| I') - 0 is blocked w.r.t. N. We have C0 > (I ~ r)d from C > (I ~
), so in order for the instance to be unblocked w.r.t. N, it must be the case
that 10 — rf € Ro(c|r).¢- This cannot be the case by Definition |§| and r6 > [0,
so the instance is blocked w.r.t. V. O
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