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Abstract

We consider the problem of optimal control of a Kirchhoff plate equation governed by bilinear
control such as coefficient like 4z. The question is to obtain a distributed control which minimizes a
function cost constituted of the deviation between a desired state and the reached one, and the energy
term. The purpose of this study is to prove that an optimal control exists, and it is characterized as
a solution to an optimality system. Thus, we give a sufficient condition for the uniqueness of such a

control.
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1 Introduction

In this paper, we are concerned with the following system,

an"‘AZZ:O Q:QX]O,T[,
Az+(1—)Biz=0 £ =Ix]0,T],

d ey
%Az—#—(l—u)Bzz:kz,—#—hz Y =TIx]0,T],

Z(xayvo) :ZO7Zt(x,y,0) =21 Qa

where Q C R? is an open, bounded domain with boundary I" and v = (n1,n,) denotes an outward unit
normal to the boundary, the operators B; and B, are given by

2 2
Bz = 2n1nyzyy — 2y — M52,

d
Bz = — [(n% — l’l%)zxy + I’llnz(Zyy - Zxx)]v

T



where T = (—ny,n;) denotes tangential direction. In the boundary conditions, 0 < p < 3 is the Poisson’s

ratio and k > 0 is a positive constant.
The objective functional is given by

J(h) = ; (/Q(Z—Zd>2dQ+ﬁ/Zh2dZ>. )

where z is a solution of System (1), z; € L?>(Q) is a desired value and B is a constant positive. The cost
of implementing the control belonging

U={heLl*()/-M<h<M} 3)

where M is a constant positive such that 0 < M < 2k — 1.
We consider the following optimal control problem:

J(h*) = minJ(h 4

(h") = minJ (h), @
Our purpose is to establish the existence and uniqueness of solutions for the System (1), seek an optimal
control h* € U satisfying the optimal control problem (4), and derive some necessary optimality condi-
tions for the optimal control 4*.

In recent years, plate models and control have received great attention by researches, we can refer to
Lagnese and Lions [9] , Lagnese, Leugering and Schmidt [11] and Li and Yong [14]. They have success-
ful applications in many disciplines, namely, economics, environment,management and engineering etc.
In the context of control theory and, in particular, optimal control problem, some authors have studied
a variety of plate models. In [8] the authors have discussed an optimal control of a Kirchoff plate with
boundary control that allows to minimize a functional cost which contains the energy of the control and
the gradient of the error between the actual trajectory and the desired. In [17], R. Prakash has studied
an optimal control problem for the time-dependent Kirchhoff-Love plate with distributed control. Also
in [2] the authors have considered a control problem for the system of non-linear Karman’s equations
for a thin elastic plate. Existence and uniqueness of an optimal control have been established. On the
other hand, the bilinear control problem for the Kirchoff plate equation has been first studied by Bradely
and Lenhart [5] on what concerns a bilinear spatial control problem. Also, in collaboration with Young
[6] they have considered a bilinear system excited by spatial-temporal controls, and in [4] Bradely and
Lenhart have considered the same problem with distributed control. In [16] the authors have studied a
Von Karman plate equation and have derived the existence and uniqueness of a spatial bilinear optimal
control which is a function of the spatial variables.

Other papers have examined bilinear boundary control problems, which is the case of Lenhart and Wilson



[13] which have studied the optimal control of an equation with the convective boundary condition such
as the bilinear control that represents a heat transfer coefficient. The used approach consists in finding
a unique optimal control in terms of the solution of an optimality system, while Zerrik and El Kabouss
[18] have discussed a bilinear boundary control problem of an output of parabolic systems with bounded
control set. Moreover, in [19], they have studied an optimal control problem for the heat equation in
order to give a control that leads to a state as close possible to a desired state, only on a subregion of the
domain of evolution under unbounded controls sets.

The bilinear optimal control of a Kirchhoff Plate equation was considered in ([4], [6], [5]) with
internal control, so in this paper we extend to the case of boundary control using the approach given in
([13], [19]), we prove existence of an optimal control solution for Problem (4) by a minimizing sequence
argument. Then we derive the necessary optimality conditions of the optimal control and we prove that
the optimal control is unique for small time T.

An outline of the remainder of the paper is as follows: In Section 2, we prove existence of an optimal
control solution of Problem (4). In Section 3, we obtain a characterization of an optimal control as a
solution of an optimality system which is derived by differentiating the cost functional with respect to
the control, and we discuss a condition uniqueness.

2 Existence of a boundary optimal control

In this section, we show that System (5) has a unique solution. Then we show existence of an optimal
control solution for (4) by a minimizing sequence argument.
We consider the following system

Ztt+A2Z:f Q:QX]OaT[a
Az+(1—pu)B1z=0 Y =TIx]0,T|,
0 (5)
%Az—i—(l—,u)Bzz:kzz—l—hz—&—g ¥ =TIx]0,T],
2(-,0) = 20, z1(.,0) = 21 Q,
where f € L*(Q) and g € L*(X).
Let us first define the bilinear form.
a(z,w) = /Q [AzAw+ (1 — 1) (2 Way — 2y Wy — Zyy)] 2 ©)
We know that ([10]):
el < a(ed) Smlelipg  forallze HA(Q), Q



where m; and my are positive constants.
Also, we define

b(z,w) = / (kzew + hzyw + gw)dT, (8)
r
For notational convenience, we set

H=H*(Q) x L*(Q)
z=z(h), Z=(z,z)

We present our definition of weak solution:

Definition 1 Given h € U, we say that a function z € C ([O, T];Hz(Q)), withz, € C ([0, T};LZ(Q)) e €
C([0,T); (H*(Q))') is a weak solution of the problem (1) satisfies:

T T T
/ <zt,,w)dt+/ a(z,w)(t)dtJr/ b(z,w)(t)dt:/fwdQ, forall weH*(Q) 9)
0 0 0 0

foranyw € H*(Q) and 0 <t < T.
z(0) = z0, z(0) = z1, (.,.) denotes the duality pairing of [HZ(Q)]/ and H*(Q).

By using the technique from [3], [7] and [12], we represent System (5) as an abstract ordinary differential
equation, we define the operator <7 : L>(Q) — L*(Q) by

d7=~A7z, for zED(sz%):{zEHZ(Q):Az—i—(l—/,L)Bldp:O
d iAz+(1— )Baoz|r =0
an 90 H)b2Z|r = .

with .27* is adjoint operator. We also make use of the Green maps G : L*(T") — L?(Q), defined by :

Ggl =7+ ANz=0 in Q,

Az+(1—u)Biz=0 on T (10)
0

%Az—k(l—u)Bgz:gl on T.

with G* is adjoint operator. It can be shown that (see [15]):

Ge Z(H'(T) — H'*"(Q)), forallseR. (11)



Next we define : A: D(A) C H— H by

Az= <£7 é) (2) with D(A) = D(7) x H*(Q).

Note that A is skew adjoint, hence D(A) = D(A*) and A generates a unitary group on H [3].

We define another linear operator % : L*(I') — D(A)’ (see [3], page 8 with % = L*(T") )

0
Bw = <£%Gw> ’

The adjoint operator % of % is computed by:
(B, D )xiz@) = WG )2y forZ€ D(A")andw € L*(I).

We obtain

Bi=G'd*z, forzeD(A).
On the other hand, by using the Green formula, we can show (see [3]) that

G 7= —z|r, forze D().
Next .% is linear operator from H?(Q) x L?(Q) — L*(I) given by
Fi=—kAB"Z.

where Z = (z1,22). By the above notation, Equation (5) may be written as an abstract ODE

%z(;) = A1)+ BFit)+BA(2(1)+BE(1)),
70) = (z0,21),
0
where 7 (3(t)) = hz+ g, and B(3(t)) =
f

(12)

(13)

(14)

(15)

(16)

(17)

Now we prove that System (5) has a unique weak solution z(¢) in C([0;T];H), for this we need the

following results:



Lemma 2.1
Let A g = A+ BTF with domain D(Ap) = {¥= (x1,x2) € H*(Q) x L*(Q) : x, € H*(Q) and x| +kGG* o/ x; €
D()}.

(H1) Az generate an exponentially stable semigroup on H>(Q) x L*(Q).
(H2) A} B € L (LX) — H*(Q) x L*(Q)).

T
(H3) /0 H%*eAﬂtiHLz(r)dt < Cl#l g2 (@) x12(q) for some 0 < T < oo and for all ¥ € D(AF).

Proof See Theorem 3.1 (with %, F =0) [3].
Lemma 2.2 /3]
Assume (H1) and (H2) hold. Then

t
sup H/O A7) B2 (r))dr |2 ) xr2(0) < Cllzllcqo 2y (18)

0<t<T

Theorem 1
For %y = (z0,21) € H = H*(Q) x L*(Q) and h € U, System (5) has a unique weak solution 7 = (z,z;) in

C([0;T];H).
Proof The solution z to (5) can be written as:

2() = eAfsz+/ AN B dr+/ AP B(()dr,
We prove that the map 7},

ThZ()—eW —I—/ Av‘“’%ﬁ%ﬂ dr+/ Az(t=r) g (.,r)dr.

has a unique fixed point in C([0, T]; H).

Step 1. We prove that, if 7y is small enough, there exists a unique fixed point such that
T,zZ(t) = Z(1) in C([0,To];H)

To use the contraction mapping theorem, we need to show that 7}, is bounded and contractive.
For boundedness,

Tcllcqoman = €2+ [ A7 NBor)ar+ [ A7 DB Ao
<[l llcqoman+ sup et 0 F o dr+ sup [ 1A DBE )
0<t<Ty 0<t<Ty



Using Lemma (2.2), we get

1
ITicllcqoman < 1€ lla+C sup [ W) +eCnllimdrt sup [0 70 g
0<t<Ty /0 0<1<Ty

Since A # generates an exponentially stable semi-group on H?(Q) x L*(Q), we obtain

t
1Tzl eo:mg:m) < CllZollu+C sup [ [|h(.,7)z( 7))l 2 ydr + CTolIg Nl cqo,z).20) HCTO S Nl oo, 75):02(02))

0<t<Ty

t
§C||50||H+CO§U<PT/O 12 ) =y lzC ) | 2 ydr + CTol|g (o, )2 ) HCTo | f Nl e 0,722 () -
<t<1lo

Since ||A(.,7)| =)< M, we have
t
1Tzl cqosmy)on) < C||ZO||H+MCOEU<PT /0 z(-, )| 2rydr + CTollgll e (o, 7):2 () HCTol fll o, 7):22 () -
<t<1o

For n > 2, there exists a constant C > 0 such that for every z € H'(Q) see [1]
1zllz200) < Cllzllg1 (o)

it yields

t
T2l e (j0:m0):m) §C||20\|H+MC02u<pT |2(, )l () dr + CTolIgl c(o,7):220) TCTol fll o, m):2(2))-
<t<lop

Hence,

1
1Tzl eo:mpsm) < CllZolla+MC sup [ ||z(.,7) || g2 @ydr + CTollgll e (0,720 FC T f Nl (o, m):02(02)) -

0<t<Ty
Which gives
1Tzl co:mp:m) < CllZolln+CMTo|Z||cjo.m):m () x22(2)) FCTo IS o, )20y FCTo Nl fll e o, m:2(2)-

We obtain that 7}, is bounded.
For contraction, :
similarly for any Z = (z1,22),W = (w1,w2) € C([0; To]; H)

71z — Tl c(o,10):1) < CMTo|Z =Wl c(0;0): ) -



. 1 . . . . .
Taking Tp < UC we obtain that 7} is a contractive mapping for ¢ < Ty. Thus, we have existence of a

unique fixed point on C([0; Tp]; H).

Step 2. Extend the above result to a solution on [Tp,27p]. We set Z(Tp) as the new initial data. By
a second contraction argument, we have a unique solution on C([Ty;2Ty]; H). Repeating the process a
finite number of times, yields the result on [0, 7.

O
We now present a priori estimate needed for existence of an optimal control.

Lemma 2.3
ifz0 = (20,21) € H=H*(Q) xL*(Q), g € L*(X) and f € L*(Q). Then, the weak solution 7 of System
(5) satisfies the following inequalities:

Oil:ET (HZ(I) |2 () +lz(t) HLZ(Q)> +lzell20.7,2r)) + Nzee 20,72 02) )

(19)
< c<||20||H+|g||Lz<o,T;Lzm)+anLz(o?T;Lz(m),

Proof
Multiplying System (5) by z, and integrating over Q = Q X [0,¢], we obtain

/Q (Zthz + A%z —fZ,)dQ =0.

Hence,

1 td d !
3 5 (1 4 el e 1w By Bazaaz [ (4 4 bz gz = [ [ fadc

Using Lemma 4.1 (see [3]), we obtain
1 /td 2 2 ! 2
2 ) @ 122 ll72(0) + 1A2ll72(q) ) dt+ (1 — ) b Jo 2232y, — Ty, — Ty, | dQE + s (ke +hzz + gz,)dX

t
= / / fz:dQdt
0JQ

Therefore, we can obtain the following from (6):

1 frd, 1 d ) o
5/0 E"Z"‘Lz(ﬂ)dt+§/() Ea(z,z)dﬂr/z(kz, +hzzt+gz;)d2—/0 /sz;dﬂdt-



We get

[z (¢ )HLZ ‘H’( (t),z l>)+2/z(kztz+hzzl+gzt)d2: HZl”%z(Q)-l-a(Zo,zo)—|—2/0[/sz,d9dt
Applying the Young inequality, we obtain
2l @) +az(0),2(0) + 2k [[ZdE < g +ala0.20) + Mz By + Ml + sl + e+

t
L 1Bt + [ el

Since dim Q = 2, We know by Sobolev imbeddings that H'(Q) C LP(T’) for any p > 1 (see Theorem
5.22 of [1]) and consequently

t
a3 @y +a(z(0),2(0)) + 2k =M= 1) [[FE < g +a(a0.20) + ey + M [ el e+

t t
/0 1122 0yt + /0 a2t

Using (7), we have

t
HZt”Lz +m”ZHHz +(2k—M— 1)||Zt||i2(z) < Cllzollf + ||g||22(o,T,L2(r)) + Hf”%,Z(O?T,[}(Q)) +M/0 ||Z||12r12(g)dt+

t
INEIE

t
HZtHLZ +mHZHH2 (2k—M— I)HZtHiZ(z) < ||20H12L1 + HgHiZ(O,T,LZ(F)) + HfH%Z(o,T,LZ(Q)) +C/() HZHIZ-IZ(Q)xLZ(Q)dt
(20)

Hence,

Since 2k — M — 1 > 0, we obtain

12 oy < € el ey + 1 oy + 0 )

t
€ [ 12l gz e

Using Gronowall’s inequality, we obtain

120320y xi2(0) < C(Hé’”iz(o,r,m(r)) AN Z20,7,200) + H%\%)



Taking the supremum, this gives

sup (1) ey (1) ) < c<||gui2(o,T,Lz(r)> 102 + ||20||%,) @1
<<
From (20) and (21), we can obtain

sup (Hzawmwuzt(r)Hm)) el < c(HzouH+ngLzm?T;LzWHfHLz(O,T;Lz(Q)),

0<t<T

(22)
Now we prove the inequality
zeell 20,7, (@))) < C<HZ(0)HH‘ @) + 12 0) | 2@ + 1 £ 207, 0200)) + HgHLZ(o,T,LZ(r))) - (23)
In view of (9), we infer that
forw € H*(Q), |(zir,w)| < |a(z,w)| + |b(z,w)| +]/wadx]. (24)

Together with (7) and (8), we obtain

la(z,w)| + |b(z,w)| < mal|zll g2 Wl p2@) + &llze |2y Wl 20y + Mzl 2ol 2y + gl 2oy w200

<mallzll o) Wl 2 @) + Kzl 20y Wl et @) + Mzl m @)Wl @) + gl 2y Wl a @)

< <m2HZ||H2(Q)+kHZz||L2(r) +M||z]| g2 (0) + H8||L2(r)> Wiz ()

sc(uzrmw\z,rLz(r>+uguLz(r)) Il

Where C is a constant. We can deduce the following,

o) < c(nz\Hz(m el + llz + ufnm) .

From inequality (21) and (22), we can obtain
el 2oy < c(||z<o> i + 1zt Oz + 120200 + ||g||Lz<o,T,Lz(m>.

10



Now we obtain existence of an optimal control.

Theorem 2

There exists an optimal control h* € U minimizing the objective functional J(h) for h € U.

Proof

Let h, € U be a minimizing sequence such that

lim J(h,) = inf J(h).

n—yoo hew

Denote z,, = z(h,). By lemma 2.3 we have

sup (el @iz ) + I lzorziey Gl ior e
SIS

< C(!Z(O)IIH2(9>+IIZr(0)HLz(g)+Ilg\ILz<o,T;Lz(r))+HfHLZ(o,T;LZ(g)) :

By weak compactness, there exists z* in C([0, 7], H*(Q)) such that

zn — 2 weakly* in L=([0,T],H*(Q)),

0z, N

ot

0z
—\

ot

2
3zn;

ot?

a;t weakly* in L™([0,T],L*(Q)),
%Zt” weakly in L*(T),

9%z, I 2 /
"5 weakly in L2((0,T), (H(2)),

h, — h* weakly in L*(T")

The mapping @ : H*(Q) — Pr € H?3/2(T') is continuous. Then

2 — 2" in H3/2(T) ¢ L*(T).

By the definition of a weak solution, we have

(@i, w) +a(zn,w) +b(zp,w) = /wadQ, forall we H*(Q)

11

(25)

(26)



Since

Zn — 7" strongly in LZ(F) 27
h, —h* weaklyin L*(T) (28)

then
uzn — h*Z" in L*().

We may now pass to the limit as # — oo in the weak formulation of z,, , we obtain
(z5,,w) +a(Z",w)+b(",w) = / fwdQ, forall we H*(Q) (29)
Q

Where z* = z(h*) is the solution of System (5) with control #*. Since

100 =3 [ 1)~ 2Ol + 5 [ 10l 30
Using lower semi-continuity of L> norm with respect to weak convergence, we have
1< tim 3 [ )~ 2O gyt + Timint B [ ) e

< lim infJ(h,)

n—soo

= inf .
jng (4

Hence A" is an optimal control solution of Problem (5).

3 Characterization of an Optimal Control

To obtain a characterization of an optimal control, we derive an optimality system differentiating
the objective functional J(h) with respect to the control 2. We must first prove the appropriate differen-
tiability of the mapping

h— (z(h),z(h)) = z(h)

12



Lemma 3.1
The mapping h € U — Z(h) = (z(u),z/(h)) € C([0,T]; H*(Q) x L*(Q)) is differentiable in the following

sense.
Zh+su —Zh

£
as € — 0, for any h satisfying h+ eu € U for € small. Moreover W = (Y, ;) is a weak solution of the
following system:

— vy weakly*in L”([0,T];H),

l[/t,—l—Azl//:O Q:QX]O7T[7
Ay +(1— By =0 ¥ =TIx]0,T],
d (31)
552V —mBy =kyi +hy +uz  Z=0x]0,T],
W(,O):O,%(,O):O Q,

Proof
Let z° = z(h+ €u) and z = z(h), then (zf —z) /€ is a weak solution of

-z z ) .
A<<Z 2) :A2<“ Blzz 8 z> j:;:]::[’[
e_ > (1 .U)32<Z - > :k<z£8_z>t+h<zge_z> fuf E=TX0T] (32)
<z —Z>(’0)_ <Z88_Z>t(->0)—0 o

Using Lemma 2.3, we get

2f—2)(t 7 —z
sup (S0 g T

0<t<T

||L2(Q)>

IN

Clluzel12(j0,77;02(r))

IN

C””HL""(Q) sup HZe||L2(r)
0<t<T

(33)

IN

Cllull=(@) sup lIzellm (o)
0<t<T

IN

Cllullz=) sup llzelln>(q)
0<t<T

IN

Co([l2(0) 120 + 11z (0) [l 2())

13



where Cj is independent of €.
With similar arguments to (33), we can deduce
9% zf—z
Hﬁ(T) 20,7221 < C1 (1200) 120y + 112 (0) l12(0))
and

d ,2f—z
I5; (T) 207,20 < C2(1200) | 120y + 12 (0]l 22 ) -

where C| and C, are independent of €. Hence, on a subsequence as € — 0, we have:

F—z

€

— vy  weakly*in L™([0,T];H).

In a similar way to the proof of Theorem (2), we can obtain that y is the weak solution of System (31).
O
Now, we derive our optimality system.

Proposition 1
Given an optimal control h* € U and the corresponding Zp = Z(h*) = (z,z:), there exists a weak solution
p = (p,p:) in H to the adjoint problem:

put+Ap=zp—24 0 =Qx|0,T|,

Ap+(1—u)Bip=0 Y =TIx]0,T],

d . (34)
%Aer(l—u)sz:—karh p X=Ix]0,T]

p<7T):07pl(7T):0 Qa

Furthermore h* € U satisfies

h*(.,t) = max (—M,min (;zzpz,M)> .

Remark 3.1
If we set

Q(-xay7t) = p(xay’T_t)a
w(x,y,t) = h(x,y, T —1)
f<x7y7t) = Zh(x7y7T_t —Zd,

)

14



then, the adjoint equation becomes

qll+A2q:f Q:QX]()?T[?

Ag+(1—)Big =0 £ =Tx]0,T],

) (35)
%Aq—l—(l—u)quszb—i—wq Y =Ix]0,T],

C[(,O):O, QI(aO):O 'Q"

Therefore, it admits a unique solution.

Proof
Let & € U be an optimal control and Z = Z(h) be the corresponding optimal solution. Let h+ eu € U
for € > 0 and z% = Z(h + €u) be the corresponding weak solution of (5). We compute the directional
derivative of the cost functional J(h) with respect to 4 in the direction of u. Since J is supposed to attain
its minimum for 4, we have
J(h* +eu)—J(h*
0< fim L HEW I

e—0t €

T B
— 1; . _ 2 _ _ 2 P * 2
= Jim [ e =zl — law —2ullg)di+ 5 [ @uh' +en?)dz

_— * *_2
lim (Zs < > <ZS+Z” Z”’)dQ+B/(2uh*+eu2)d2
0 2 2 Js

e—0t t4
:/ lI/(Zh*—Zd)dQ—i-ﬁ/h*udZ.
0 z

where V is a solution of System (31) corresponding to /*.

Substituting in the adjoint equation (34) for (z;+ — z4) from (34), we obtain

0 < /Q W(zp —2)dQ + B /2 h*uds
= [ w(pa+ap)aQ+p [ iuas (36)

— /OT <<ly,,,p>—i—/OTa(l[/,p)dt—/r(kpt—hp)l//dx)dt—i—ﬁ/zh*udZ.

Multiplying System (31) by p and integrating over (0,7'), we have

/(;T <<1I/n,P)+/OTa(q/,p)dt+/r(ky/, +h‘I/)PdX>dt——/2uzde.

15



Integrating by parts gives

T T
| <<%,p>+ [ atw.pyde— [ kpoyx+ [ hpvdx)drz— [ uzpaz.
0 0 r r )

T T
/0 (llfn,p>dt+/0 a(y,p)dt = /katll’dr— /thllfdx— /Zuzde- (37)
Then from (36) and (37), we obtain

It follows

0< —/uzpdz+ﬁ/ h*udy. (38)
X x

1 1
Taking u = max (—M,min <BZ‘ZP‘Z’M>) —h*, then u(h* — EZ‘ZP‘Z) is negative and

<max (- M, min (;zrpz,M)) _h*> (h* _ ézzplz> —0

So,
1 1
iftM < BZ‘ZP‘Z we have (M — h*)(h* — BZ‘EP‘Z) =0, then (since h* < M),
B =M,
. 1 1 1
if —M < lezp‘z <M, we have (BZ‘Z[)‘F +h*) (h* — Bz\zp\l) = 0 and then
. 1
h = BZ‘Z Ppss
1 1
if —M > szzpp:’ we have (—M — h*)(h* — Bz‘zp‘z) = 0 and then (since h* > —M)
h=—-M.

Finally, we conclude that

h* = max (—M,min (;ZZPPM))'

This completes the proof.

16



4 Uniqueness of the Optimal Control
In this section, we formulate sufficient conditions for the uniqueness of the optimal control solution of
Problem (3).

Proposition 2 Suppose the solution of Systems (5) and (34) is bounded on Q. For T sufficiently small,
the solution of Problem (3) is unique.

Proof
Suppose we have two weak solutions corresponding to two optimal controls, 4 and A:

7= (z,z), 2=(z,721)

We then have that 7 — Z satisfies the following equation

(z—2)u+A(z-2)=0 Q=Qx]0,T|,
Az—2)+(1—u)Bi(z—2)=0 ¥ =Ix]0,T],

0 _ (39)
%A(z—i) +(1—w)By(z—2)=k(z—2)i+h(z—2)+(h—h)z XL=TIx]0,T|,
(Z*Z)(.,O):O, (Z*Z)t(.,O)ZO Q,

Where we denote
!

h:max(—M,rmn (BZmPp:»M))- (40)
and

- a

h:max(—M,mln (sz:pp:,M>). 41)
It can be shown by direct computation that

- 1 o _

(h=hi < g (Ip=plid +l—2lpl). (42)

Applying Lemma (19) to System (39), we
sup [ (z—2)(0)lla2() < Cll(h—h)Zl| 2z (43)
0<t<T
Therefore, from (42), we can deduce the following:
. s 1 - N2
Ih =Rl = V= iPIPAE < g [ (1o = pllE + 12— 2lp)*JePax
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It follows

T < (Ip pIPIz1* + |z —z1*|p|?) |24z,

M\
=
\
E|
i
o
Q

[ Ip=7l 2121+ |z — 2| |z dE,

= [ e= 2Pl + 1= 2Plpl) .

IN

[ lp—pl 2etdr+ o5

(VAN
\\\

BZ

By using Holder’s inequality, we obtain

1/2 1/2
/Z]h—lezlz\zd2< f/ (/\p p|4dF) (/F\zygdr) di

1/2

+ﬁ2/0 (/Fyz_z4dr>l/2</r|z|8dr> dt

1 /T 1/2 1/2
+—2/ (/m%r) </yz—zy4dr> dt.
B*Jo \Jr r

We get

JAEE |2dz<*/ 1P = 21240y 2l s ey
I ) 4
+ 5 /0 o= 21134 gy 21 s o

1 /T 4 i
+132/0 HpHLg(F)HZ_ZHL4(r)d[

18



We use Holder’s inequality, we have

712052 2 [ /7 4 12r 1 . 1/2
/Z|h—h| 7%dzE < BzUo ||p—15HL4(r)dt] [/0 HZHLs(F)dt]
1 [ /T 4 120 .1 g 1/2
+ E /O HZ_ZHU(F)dt} [/0 HZHLS(r‘)dZ:|
1 T X 120 .r I 1/2

Since
T 4 4 T 4 4
[ o=l <T sup Ip=plisry [ le=dlisrdt <T sup 2=l
0 0<t<T 0 0<t<T
T 8 8 T 8 8
L Iplede <7 s pley, [l <T sup el
0 0<t<T 0 0<t<T
We obtain

=Pz < 5T swp 9= Pl sup el
OtﬁT

1 —
+—=T sup llz— z||L4 (r) Sup ||Z||i8(r)
B? 0<r< O<t<T

1 ™ \
+gal sup flz—2 su
ﬁZ OSIET” ”L4(F) OgthHpHLg(r)
By using Sobolev imbeddings (see [1])

H'(Q) — L”(T) forany p>1,

19



We get

- 2
h—hP|zPdE < =T su —pl?i 0y sup |IZI[4
L 1h=RPlEPaz < o s 1P =Pl sup Elfo

LT _ 5|2 7|4
+ sup ||z —Zl|z1(q) sup [IZllz(q)
0<i<T 0<t<T

ﬁZ

1
+ 5T sup [lz—Zl71.q) sup [Pl
ﬁ2 0<t<T Hl(Q)Ogth Hl(g)
It follows

- 2
h—h?|z)?dE < =T su —pl? sup |z||*
L 1h=RPIEPaz < o 5 1P =Pl sup Elfc

LT _ 5|2 7|4
+ sup [lz—Zllzp(q) sup 2l )
0<i<T 0<i<T

ﬁZ

1
+ 23T sup [lz—2Zl7aq) sup_[Iplly
B o<i<r Hz(g)og:gT H@)

Since p, z, p and Z are bounded in H?(), assuming that they are all bounded by a constant C; we obtain

Jn itz <G (s o= Pl + s =2l ) (a2
Combining (43) and (44), we deduce that
CzT
o0 e~ 2l < G (s 9= Pl + s =2l ). @)
1<

On the other hand, p = p — p is the solution of the following system

PP+ (p—p)=2-1 0 =Qx|0,T],
Aa(P—ﬁ)+(1—ﬂ)Bl(P—ﬁ):0 Z:FX]OvT[’ (46)
S5Ap=P)+(1=p)B2(p—p) = =k(p=p)i +h(p—P)+ (h—h)p E=TX]0,T|,
(p_ﬁ)("T):Ov (p_ﬁ)t('aT):O Q‘a
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Using (19), we get
Sup (P = P) D) 72(q) < C<||(z—z)(z)||§2(g) + y(h_;,)ﬁniz(z)) @7

In a similar way, to estimate ||(h — h)z|?, (x)» We obtain
10 -R)plEy < G ( 390 o= Pl 300 o=l ) %)
0<e<T

Hence, from (47) and (48), we have

sup (9= )0y < 7(C+ 53) (s0p 9=l + 00 o= ) 49
0<t<T B
Combining (49) and (45), we infer
—112 CS
sup |z Zll72(q) + sup [lp—pllfeg) S T(C+Z3)( sup P bt + sup llz—Zl5e
0<t<T B

0<t<T 0<t<T 0<t<T

Cs
2) < 1, then we obtain

B

sup_ 1z = 2l + Sup Hp Pliir) <O
0<r<

If we choose T small such that T (C +

Which gives the uniqueness.

O

Conclusion 1 Optimal control of a class of Kirchhoff plate equation is considered in bounded bilinear
boundary controls. Existence of an optimal control is proved and characterized by optimality conditions.
A sufficient condition for uniqueness of the optimal control is given. We notice that questions are still
open, for instance the case of optimal control of Kirchhoff equation with unbounded bilinear boundary
controls.
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