
On (finite) distributive lattices with antitone involutions

Jan Kühr
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Some well-known algebras of logic or other algebraic models of non-classical reasoning, such
as MV-algebras or orthomodular lattices, can be regarded as lattices with antitone involutions,
i.e., bounded lattices with the property that all principal filters (or ideals) are equipped with
antitone involutions. This simple observation is behind the so-called “basic algebras” that were
introduced in [1] in an attempt to generalize orthomodular lattices in a similar way in which
MV-algebras generalize boolean algebras. Roughly speaking, a basic algebra is an algebra
〈A;⊕,¬, 0, 1〉 of type 〈2, 1, 0, 0〉 such that the rule x ≤ y iff ¬x⊕y = 1 defines a bounded lattice
in which, for every a ∈ A, the map fa : x 7→ ¬x ⊕ a is an antitone involution on the interval
[a, 1], and where ¬x = f0(x) and x⊕y = fy(¬x∨y) for all x, y ∈ A. MV-algebras then coincide
with the associative (and commutative) basic algebras, and orthomodular lattices with those
satisfying the quasi-identity x ≤ y ⇒ y ⊕ x = y.

In general, we cannot say much about the underlying lattice of a basic algebra, but in several
important particular cases, when the antitone involutions satisfy certain natural conditions, the
lattice is distributive. Therefore, we focus on distributive basic algebras, with emphasis on the
structure of finite ones.

The main objective for the first part is to prove that the underlying lattice of a finite
distributive basic algebra is a direct product of chains, though the algebra itself need not be an
MV-algebra. This means that all finite distributive basic algebras can be obtained from finite
MV-algebras by “perturbing” the standard pointwise “MV-involutions”. In the second part we
consider algebras satisfying the identity x ≤ x ⊕ y, which is the most general version of the
aforementioned natural conditions, because it actually says that f0(x) ≤ fa(x) for all a ≤ x.
Among others, we prove that these basic algebras are distributive and in the finite case they
are just MV-algebras. Finally, in the third part we deal with lattice effect algebras that play an
important role in investigating the logical foundations of quantum mechanics and can also be
identified with certain basic algebras. Besides proving that every lattice effect algebra satisfying
x ≤ x⊕ y is an MV-algebra, we focus on the variety of distributive lattice effect algebras.

References
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