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Abstract 

Statistical models based on the scale-invariance (or scaling) concept has 

increasingly become an essential tool for modeling extreme rainfall processes over a 

wide range of time scales. In particular, in the context of climate change these scaling 

models can be used to describe the linkages between the distributions of sub-daily 

extreme rainfalls (ERs) and the distribution of daily ERs that is commonly provided by 

global or regional climate simulations. Furthermore, the Generalized Logistic 

distribution (GLO) has been recommended in UK for modeling of extreme hydrologic 

variables. Therefore, the main objective of the present study is to propose a scaling 

GLO model for modeling ER processes over different time scales. The feasibility and 

accuracy of this model were assessed using ER data from a network of 21 raingages 

located in Ontario, Canada. Results of this assessment based on different statistical 

criteria have indicated the comparable performance of the proposed scaling GLO model 

as compared to other popular models in practice. Furthermore, an illustrative 

application of the proposed model for evaluating the climate change impacts on the ERs 

in Ontario using the available NASA downscaled regional climate simulations has 

demonstrated the accuracy and robustness of the GLO model. 

1 Introduction 

The estimation of extreme design rainfalls in the context of potential climate change impacts has 

become essential in current engineering practices due to recent recognition of climate variability [1-

4]. This estimation requires hence a suitable rainfall (spatial) downscaling approach to establishing an 

accurate linkage between daily climate projections from global (or regional) climate models and daily 

extreme rainfall (ER) processes at a local site [1, 5-7]. Furthermore, this linkage so far has been 
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commonly established at the daily timestep since current climate models have some major limitations 

in their detailed physical modeling ability and their limited computational capability. Consequently, it 

requires an improved (temporal) rainfall modeling approach to describe the linkages between the ER 

processes over a wide range of time scales (e.g., from one day to several minutes) [8-11].  

The spatial resolution problems of GCM and RCM outputs has been examined in detail in several 

previous studies. In particular, several different downscaling methods have been proposed to spatially 

disaggregate GCM or RCM projected outputs to much finer regional scales or local/point scales 

(single-site or multi-site cases) for reliable assessments of climate change impacts [5-7, 12, 13-15]. 

However, very few studies are dealing with the temporal downscaling problem of GCM or RCM 

outputs. More specifically, some procedures have been proposed to derive the key statistics of the 

sub-daily ER series from those of the daily series [9, 11]. Among these methods, the statistical models 

based on the scale-invariance (or scaling) concept has recently increasingly become an essential tool 

for modeling ER processes over a wide range of temporal scales [16-19].  

Scale invariance implies that the statistical properties of ER over different time scales are related 

to each other by an operator involving only the scale ratio and the scaling exponent [20]. Applications 

of the scale-invariance (scaling) concept has begun since the last decades. However, only a few scale-

invariance models have been reported in the literature, including the scaling generalized extreme 

value (GEV) distribution and its special case, the scaling Gumbel (GUM) distribution [21-24]. These 

scaling models have been extensively applied to the estimation of short-duration ERs at gauged and 

ungauged sites, as well as to the construction of IDF curves in the current climate and in a changing 

climate [8, 22, 24-29]. In practice, nonetheless, there are many different probability models that have 

been used for describing the distribution of annual rainfall extremes at a single site [30-32], but there 

is still no general agreement as to which distribution(s) should be used. 

In view of the above-mentioned issues, the main objective of the present study is therefore to 

propose a novel scale-invariance model for modelling accurately the ER process over a wide range of 

time scales (e.g.,from several minutes to one day). In particular, the generalized logistic model (GLO) 

has been selected for this study since this distribution has been recommended for frequency analyses 

of extreme hydrologic variables in the UK [31, 33]. The scale-invariant property and the mathematical 

framework for estimating the parameters of the scaling GLO model based on both the non-central 

moments (NCMs) and the probability weighted moments (PWMs) methods are derived and presented 

in Section 2. The feasibility and accuracy of the proposed model using these two estimation methods 

(GLO/PWM and GLO/NCM) are assessed and compared with two popular models (GUM and GEV) 

using IDF data from a network of 21 raingages located in Ontario, Canada, as described in Sections 3 

and 4. A summary of research findings is provided in Section 5. 

2  The scale-invariance GLO model 

2.1 The GLO distribution 

The GLO distribution has been used for representing the probability distribution of extreme 

rainfalls and for constructing the rainfall intensity-duration-frequency (IDF) relations. Its cumulative 

distribution function, F(x), and the quantile function, x(F), are defined by [30]:  

𝐹(𝑥) = 1/(1 + exp(−𝑦))      where    𝑦 = {
−𝑘−1𝑙𝑜𝑔 {1 −

𝑘(𝑥−𝜉)

𝛼
} , 𝑘 ≠ 0

  (𝑥 − 𝜉) / 𝛼                   , 𝑘 = 0
 

(1) 

𝑥(𝐹) = { 𝜉 + 𝛼
{(1 − 𝐹)/𝐹}𝑘

𝑘
,   𝑘 ≠ 0

𝜉 − 𝛼𝑙𝑜𝑔{(1 − 𝐹)/𝐹},   𝑘 = 0

 

(2) 

in which 𝜉, 𝛼, and 𝜅 are the location, scale, and shape parameters, respectively. 
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2.2 The scale-invariance GLO/PWM model 

The probability weighted moments (PWMs) and its linear combination forms (L-moments) can be 

used for estimation of the GLO parameters in consideration of the scaling property of these PWMs 

with rainfall durations. The 𝑟𝑡ℎ order of PWMs, 𝐵𝑟, of the GLO distribution can be expressed as:  

𝐵𝑟 = (𝑟 + 1)−1 (𝜉 +
𝛼

𝜅
{1 −

Γ(1 + 𝜅)Γ(𝑟 + 1 − 𝜅)

Γ(𝑟 + 1)
 }) 

(3) 

in which Γ(. ) is the gamma function. Therefore, it is possible to estimate parameters (𝜉, 𝛼, 𝜅) of 

the GLO model using the first three PWMs. 

For a simple scaling process, it can be shown that: 

𝐵𝑟(𝜆𝑡) = 𝜆𝛽𝑟𝐵𝑟(𝑡) = 𝜆𝛽𝐵𝑟(𝑡) (4) 

where 𝛽
𝑟

= 𝛽, and 𝛽 = 𝛽
0
𝑃𝑊𝑀 is the scaling exponent or PWM order 𝑟 = 0 (i.e. the mean). 

2.3 The scale-invariance GLO/NCM model 

The non-central moment (NCM) method can be used for estimation of the GLO parameters in 

consideration of the scaling property of these NCMs with rainfall durations. The 𝑟𝑡ℎ order of NCMs, 

𝜇
𝑟
, of the GLO distribution can be expressed as:  

𝜇𝑟 = (𝜉 +
𝛼

𝜅
)

𝑟

+ (−1)𝑟 (
𝛼

𝜅
)

𝑟

Γ(1 + 𝑟𝜅)Γ(1 − 𝑟𝜅) +  𝑟 ∑(−1)𝑖 (
𝛼

𝜅
)

𝑖
𝑟−1

𝑖=1

(𝜉 +
𝛼

𝜅
)

𝑘−1

Γ(1 + 𝑖𝜅)Γ(1 − 𝑖𝜅) 

(5) 

in which Γ(. ) is the gamma function. Therefore, it is possible to estimate parameters (𝜉, 𝛼, 𝜅) of 

the GLO model using the first three NCMs.  
For a simple scaling process, it can be shown that: 

𝜇𝑟(𝜆𝑡) = 𝜆𝛽𝑟𝜇𝑟(𝑡) = 𝜆𝑟𝛽𝜇𝑟(𝑡) (6) 

where 𝛽
𝑟

= 𝑟𝛽, and 𝛽 = 𝛽
1
𝑁𝐶𝑀 is the scaling exponent or the NCM order 𝑟 = 1 (i.e. the mean).  

In summary, for a simple scaling process, notice that the statistical properties of either the 

GLO/PWM or GLO/NCM model for two different time scales 𝑡 and 𝜆𝑡 are related as follows: 

𝜅(𝜆𝑡) = 𝜅(𝑡);  𝛼(𝜆𝑡) = 𝜆𝛽𝛼(𝑡);  𝜉(𝜆𝑡) = 𝜆𝛽𝜉(𝑡);   𝑋𝑇(𝜆𝑡) = 𝜆𝛽𝑋𝑇(𝑡);   (7) 

3 Numerical application 

3.1 Study sites and data 

IDF data of nine durations (5 minutes to 1440 minutes) from a network of 21 stations located in 

the Ontario province of Canada were selected for this study. The record lengths for these stations vary 

from 40 years to 75 years. Selection of these stations relied on the quality of the data, the adequate 

length of available historical extreme rainfall records, and the spatial distribution of raingages 

representing diverse climatic conditions of Ontario. 

3.2 Goodness-of-fit assessment criteria 

Six common goodness-of-fit criteria were selected for assessing the feasibility and accuracy of the 

proposed scale-invariance GLO/PWM and GLO/NCM models and for comparing the performance of 

these models with those given by existing models. These criteria include the root mean square error 

(RMSE), the root mean square relative error (RMSEr), the mean absolute deviation (MAD), the mean 

absolute relative deviation (MADr), the maximum absolute error (MAE), and the correlation 

coefficient (CC). After computing the six statistical tests, a ranking scheme is utilized to rank all the 
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selected distributions.  Ranking scores is assigned to each model according to the value computed for 

each criterion. A distribution with the lowest RMSE, RMSEr, MAD, MADr, MAE, or highest CC is 

given a rank of 1 for this assessment category. In case of ties, average ranks are given to those 

corresponding models. Furthermore, for each numerical criterion, the overall rank associated with 

each distribution is computed by summing the individual rank. 

𝑅𝑀𝑆𝐸 =  {∑
(𝑥𝑖 − 𝑦𝑖)2

(𝑛 − 𝑚)
}

1/2

    (8) 𝑅𝑀𝑆𝐸𝑟 =  [
1

(𝑛 − 𝑚)
∑ {

(𝑥𝑖 − 𝑦𝑖)

𝑥𝑖
}

2

]

1/2

 (9) 

𝑀𝐴𝐷 =  ∑
|𝑥𝑖 − 𝑦𝑖|

(𝑛 − 𝑚)
  (10) 𝑀𝐴𝐷𝑟 =

1

(𝑛 − 𝑚)
∑ {

|𝑥𝑖 − 𝑦𝑖|

𝑥𝑖
} (11) 

𝑀𝐴𝐸 = max (|𝑥𝑖 − 𝑦𝑖|) (12) 𝐶𝐶 =  
∑{(𝑥𝑖 − �̅�)(𝑦𝑖 − �̅�)}

{∑(𝑥𝑖 − �̅�)2∑(𝑦𝑖 − �̅�)2}1/2
 (13) 

where 𝑥𝑖, 𝑖 = 1,2, … , 𝑛 are the observed values and 𝑦
𝑖
, 𝑖 = 1,2, … , 𝑛 are the values estimated from 

a scale-invariance model for the same probability level 𝑝
𝑖
; 𝑚 is the number of distribution parameters; 

�̅� and �̅� denote the average values of the observations and estimated quantiles respectively. 

4 Results and discussions 

For purposes of illustration, only representative results for Ottawa CDA RCS and Toronto 

International Airport stations are presented here as shown in Figure 1. Both the graphical displays and 

numerical criteria were used to evaluate the performance of the proposed GLO/PWM and GLO/NCM 

scale-invariance models. For the graphical displays, the quantile-quantile (Q-Q) plots of the 5-min to 

720-min observed and estimated annual maximum series (AMS) are used for the visual comparison. 

The estimated values are derived from the 1440-min (or 1-day) AMS data using the five scale-

invariance models: GLO/PWM, GLO/NCM, GUM/PWM, GEV/NCM, and GUM/NCM. Results 

show that all scaling models closely described the left-tail and central parts. The right-tail parts, 

however, are less well described and there are no obvious trends. These values can be well estimated, 

over-estimated, or under-estimated by any of the five scaling models. From the graphical comparison 

basis, all the scale-invariance models seem to perform well for these two stations. However, the 

significance of the differences between these models is difficult to assess based on the graphical 

display. A more objective evaluation using numerical comparison criteria is thus necessary. 

 

 
Figure 1: Q-Q plots of the 5-min to 720-min observed and estimated AMS data for (a) Ottawa CDA RCS 

and (b) Toronto International Airport stations. Note that GLO and GUM denote scaling models based on PWMs 

while GLO*, GEV* and GUM* denote scaling models based on NCMs. 
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Figure 2 shows the results of the six numerical comparison indices for 5-min observed and 

estimated AMS data. Numerical values of the six indices are displayed in the form of standard 

boxplots. Note that the GEV and GUM denote the scale-invariance models based on PWMs (i.e., 

GEV/PWM and GUM/PWM), while the remaining GEV* and GUM* denote the scale-invariance 

models based on NCMs (i.e., GEV/NCM and GUM/NCM). Results based on the scaled 5-min AMS 

show that, in general, all five scale-invariance performed well with RMSEr and MADr are less than 

15%, RMSE and MAD are less than 1.5mm, and CC is higher than 0.9. The ranking of the five 

candidate scaling models for each of the selected 21 stations based on the six indices are also 

presented. Ranking from number 1 to 5 indicates the gradual decrease from the best to the worst 

distributions. On the basis of these goodness-of-fit numerical comparison results, it was found that no 

unique scaling model ranked consistently best for all locations and for all rainfall durations. 

Figure 3 shows the overall rank of each scaling model computed for all stations for each rainfall 

duration and for each performance criterion. Note that the GLO and GUM denote the scale-invariance 

models based on PWMs (i.e., GLO/PWM and GUM/PWM), while the remaining GLO*, GEV*, and 

GUM* denote the scale-invariance models based on NCMs (i.e., GLO/NCM, GEV/NCM, and 

GUM/NCM). In general, based on most selected criteria, the GLO/NCM is the least accurate while 

the GEV/NCM is the best model among the five models considered. In addition, the GUM/PWM 

could perform better than the GEV/NCM for the majority of durations according to the MAD and 

MADr indices. Furthermore, the proposed GLO/PWM could provide similar results as compared to 

the GEV/NCM for different durations and criteria, especially for 5-min and 360-min durations. The 

GLO/PWM also provides comparable results with the GUM/PWM in RMSE, RMSEr criteria for 

many durations and it performs better than the GUM/PWM in the CC and MAE indices. Therefore, 

while the GEV/NCM is the best model for all criteria, the comparable performance of the GLO/PWM 

has indicated that it could be used along with the GEV/NCM to increase the confidence and reliability 

in estimating extreme design rainfalls in the context of climate change, especially in the UK where the 

GLO has been recommended. 

To test the feasibility and accuracy of the proposed model in constructing future IDF relations, 

observed data and downscaled global climate model (GCM) outputs from seven selected stations in 

Ontario were utilized. These climate simulation outputs were produced from 21 (GCMs) and have 

been downscaled by NASA to a regional 25-km scale [34]. The bias correction approach based on 

transfer functions (i.e., scaling factors) were applied for transferring the NASA extreme rainfalls at 

the regional 25-km scale, �̂�, to a given local site, 𝑋𝑖 [35]. The observed data from 1961-1990 and 

1991-2005 at each site were used for the calibration and validation of the model respectively. Figure 

4a shows the probability plots of the computed design extreme rainfalls XT (mm) for three different 

durations (i.e. 1-day, 1-hour, and 5-min) at the Winsor station for both the calibration and validation 

periods. Uncertainty associated with the estimation of the extreme design rainfalls is displayed in the 

form of boxplots. Results show that the distributions of the estimated sub-daily ERs derived based on 

the distribution of daily ERs and the scale-invariance GLO/PWM model reflect well the observed 

data. Figure 4b shows the Q-Q plots of the estimated extreme design rainfalls derived based on the 

scale-invariance GLO/PWM and the at-site frequency analysis using the GLO distribution for 

different rainfall durations and return periods at all seven stations. Note that the median values of the 

results from 21 GCMs were used for the computation. A numerical comparison using three 

dimensionless GOF indices (i.e. RMSEr, MADr, and CC) for all seven sites as shown in Table 1. The 

low values of RMSEr and MADr as well as the high values of CC indicate that the proposed scaling 

GLO/PWM are feasible and accurate in estimating short-duration extreme design rainfalls for a given 

location of interest. Note that, for accuracy, only the estimated quantiles within the twice sample 

lengths were used for comparisons (i.e. up to 50-year and 25-year return periods for the calibration 

and validation respectively). 
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Figure 2: Comparison of GOF test results for the scaled and observed 5-min AMS based on six GOF indices. 

The test results are shown at the top in the form of boxplots. Ranking of the results (from 1 to 5) for each 

individual station are shown right below the boxplots. The observed 5-min AMS data is shown on the left.  

 

 
Figure 3: The overall rank of each model computed for all stations based on the six GOF criteria. The lowest 

scores (or the shortest bar) indicates the best models. GLO and GUM denote the scaling models based on PWMs, 

while GLO*, GEV*, and GUM* denotes the scaling models based on NCMs 

 
Figure 4: (a) Probability plots (PP) between the observed and estimated ERs at the Winsor station for the 

calibration (1961-1990) and validation (1991-2005) periods. Yellow circle markers show the empirical PPs while 

red cross markers and dash lines show the at-site frequency analysis plots. The gray lines and boxplots show the 

derived distributions of short-duration ERs and uncertainty from 21 climate simulation output based on the 

proposed scaling GLO/PWM model; (b) Q-Q plots of the estimated (Xest, mm) and the at-site frequency analysis 

(Xat-site, mm) ER quantiles using the GLO distribution for different rainfall durations (from D= 5 to 1440 

minutes) and return periods (T=2 to 100 years) for the 1961-1990 calibration period of all seven study stations. 
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5 Conclusions 

Global and regional climate models along with different (spatial) statistical downscaling 

approaches have been extensively used to link projected climate change simulations to the daily 

extreme rainfalls at a given location of interest. Projected data of high temporal resolutions (i.e. sub-

daily or sub-hourly) at these local sites are often limited or unavailable due to current limitations on 

detailed physical modelling and computational capability of these climate models. A few statistical 

models based on the scale-invariance concepts have been introduced to overcome this problem. 

Nevertheless, there is still no general agreement as to which statistical model should be used for 

describing the distribution of annual rainfall extremes over a wide range of temporal scales (e.g., from 

one day to several minutes). The present study proposed therefore a novel scale-invariance GLO 

model for representing the AMS over different time scales.  

The feasibility and accuracy of the proposed scaling GLO distribution using two different 

estimation methods GLO/NCM and GLO/PWM were assessed and compared with other existing 

models such as scaling GEV/NCM, GUM/PWM, and GUM/NCM. Results of this assessment using 

IDF data for nine different durations ranging (from 5-minutes to one day) from a network of 21 

raingages located in Ontario (Canada) have indicated the comparable performance of the proposed 

scaling GLO/PWM as compared with other popular models such as the GEV/NCM. Hence, the 

GLO/PWM could be used to increase the confidence and reliability in the estimation of extreme 

design rainfalls in practice, especially in the UK where the GLO distribution has been recommended 

for modeling of extreme hydrologic variables. 

Finally, the proposed scaling GLO model has been used for assessing the climate change impacts 

on the IDF relations using the observed ER data at seven raingages in Ontario and the downscaled 

regional ER (available at 25-km regional scale) provided by the NASA. Results of this illustrative 

application have indicated the accuracy and robustness of the proposed scaling GLO/PWM model.  
 

 
Calibration period 1961-1990 

 
Validation period 1991-2005 

T (year) 2 5 10 25 50  
 

2 5 10 25 

RMSEr (%) 4.9 4.8 7.2 13.0 17.7   21.3 18.6 15.5 15.2 

MADr (%) 4.3 3.7 6.0 11.4 15.5   16.4 15.4 12.9 12.1 

CC (dmnl) 0.995 0.996 0.993 0.980 0.965   0.979 0.980 0.975 0.956 

Table 1: Goodness-of-fit test results for both calibration and validation periods 
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